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Abstract

The inverse problem of determining a coefficient (possibly discontinuous)
of principal part for parabolic equations has important applications in a
large fields of applied science such as heat conduction and hydrology. Hence,
the major objective of this thesis is to review the recent results about in-
verse parabolic problems with discontinuous principal coefficient concerning
uniqueness, stability and existence of solution to these problems.

We start by presenting some popular inverse problems in partial differential
equations and indicate their applications. Afterward, in part two we study
in particular the inverse problems of parabolic partial differential equations.
In part three, we review some numerical methods for solving these problems.
In part four, we move towards studying these problems with discontinuous
principal coefficient, where in this part the uniqueness of recovery of the dis-
continuous conductivity of a parabolic equation is presented and a numerical
solution for an inverse diffusion problem is reviewed.

Finally, the solution of some inverse parabolic problems using Adomian de-
composition method is studied and we will try to solve these problems with
discontinuous principal coefficient using the mentioned method.

Keywords: inverse problems, inverse parabolic problems, discontinuous
principal coefficient, ADM.
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Preliminaries

In this chapter we present some basic concepts in PDEs and functional anal-
ysis that we need in this thesis. We begin with the following definitions.

0.1 Definitions

Definition 0.1.1. [14] Let p € R with 1 < p < oo; we set

LP(Q)={f: Q —R; fis measurable and |f|’ € L'(Q)}
with

11ss = 1111, = 7@ dul>
where L'(Q) denotes the space of integrable functions from Q into R.
Definition 0.1.2. [14] We set
L>®(Q)={f: Q — R, fismeasurable and there is a constant C such that |f(z)| < C}
with
1l = Iflle = nf{C; [f(2)] < C almost everywhere on Q}.

Now, we introduce Sobolev space H} (€2) for open sets € in R” where £ is
a non-negative integer.

Definition 0.1.3. (Sobolev Spaces) The Sobolev space Hy (Q) is the space of
all locally summable functions u : € — R such that for every multi index o
with |a| < k, the weak derivative D*u ezists and belongs to LP(S).

On H}(Q) we shall use the norm

fully, = (3 / Doul? dx), if 1< p< o,
Q

o<k
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[l = Y esssup|Dul, if p = oo.

lal<k

Definition 0.1.4. (special case p=2) In the special case where p = 2, we de-
fine the Hilbert-Sobolev space Hy(Q2) = HE (). The space Hi(Q) is endowed
with the inner product

< U,V >pg,= Z /Do‘uDav dx.
0

| <k

In the next definition we adopt the following notations: D is a bounded
(n + 1)-dimensional domain in R"™ (z,t) = (xy, ..., x,,t) is a variable point
in R"*'. D is bounded by a domain B on t = 0, a domain By on t = T,
and a mainfold lying in the strip 0 < ¢t < T. We set B, = D({t = 7},
S,=SN{t <7}

Definition 0.1.5. (Green’s Function)[10] A function G(x,t;&, ) defined and
continuous for (z,t;£,7) € D x (D\JB); t > 7, is called Green’s function of
Lu =0 in D if for any 0 < 7 < T and for any continuous function f on B,
having a compact support, the function

ule, 1) = / Gl €, 7) F(€)de

is a solution of Lu = 0 in D {7 < t < T} and it satisfies the initial and
boundary conditions

lim u(z,t) = f(x) for x € B,,

t—r
u(z,t) =0 on Sﬂ{r<t§T}

Definition 0.1.6. (Toeplitz Matriz) Toeplitz matriz or diagonal-constant
matrix is a matriz i which each descending diagonal from left to right is
constant.

Definition 0.1.7. (Holmgren Class) A function g(t) defined on (a, B) is said
to be of a Holmgren class if g € C*(«, ) and for all nonnegative integers n,
there exists positive constants C and s such that |g"(t)| < C's™(2n)!.
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Definition 0.1.8. (Generalized solution of the parabolic problems)[1] A gen-
eralized solution u € C([0,T]; Hi(2)) to the initial boundary value problem
(2.0.1)-(2.0.3)with f = fo+divf, fo, f € L*(Q) as a function satisfying the
integral tdentity

/Q(—u@—}—aVU.VU—i—(l).VUqLcu)v)dQ:/Q(fov—f.Vv)dQ—k/Q aopuov(,0),

for all test functions v € HE(Q) that are zero on Q2 x {T'} and on 9Q x (0,T).

Using the above definition of a generalized solution to equation (2.0.1)
with lateral Neumann data aVu.v = Au on 0,Q) we obtain the useful identity

/Q(—u%;zv)—l—aVu.Vv—l—(b.Vu%—cu)v) :/Q(fov—f.Vu)—i—/a Auv—/Q aguv(,0),

Qx(0,T)

for all test functions v € HZ(Q) that are equal zero on Q x {T'}.

0.2 Theory

Theorem 0.2.1. (Trace Theorems)[1] For any bounded Lipschitz domain
Q C R" and any (n — 1)-dimensional Lipschitz surface S C ) there is a
constant C(S, k, q,p) such that for all functions u € H} () we have

[lull, (5) < Cllullg,, () when 1 <kp <n,

and

[lull1 (S) + [[v7ull 2 () < Clull, (2).

Theorem 0.2.2. (Interpolation Theorems)[1| There is a constant C(Q2) such
that

(o] +m) (al+w)

TSV I—F0
0%ul,,, u(Q) < C[Ju|[, 53 () |uly ©V (),
[l gy () < C [[ul |57 () [ull?, (),

and

[lully (5) < Clully (2),

provided that s = (1 — 0)sy + 059 _71 —k, foranyk=0,1,2,..., 0 <60 < 1.
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Theorem 0.2.3. (Runge Property) Let w be a C* domain and Q analytic
currlinear such that every connected component of Q\w has a boundary came
in common with 0. Let 0 < vy < () be piecewise analytic on Q. Assume
that v € H'(w) satisfy

Lu=01n w,

then given any compact subset K C w, there exists U € H' () such that
L,.U =01 Q,
and
/ V(U —u)* dz <e.
K
The following definition will be needed in the next theorem.

Definition 0.2.1. [11] A functional p : X — [0,00) on a linear space X is
said to be positively homogeneous provided

p(Az) = Ap(z) for all x € X, A >0,

and said to be subadditive provided

ple +y) < pla) +ply) for all v, y € X.

Theorem 0.2.4. (Hahn Banach Theorem)[11] Let p be a positively homoge-
neous, subadditive functional on a linear space X and Y a subspace of X on
which there is defined a linear functional ¢ for which ¢ < p on'Y. Then 1

may be extended to a linear functional v on all of X for which ¢ < p on all
of X.

Theorem 0.2.5. (Fubini’s Theorem) If f(x,y) is continuous over the region
R defined by a < x < b and c <y < d, then

//Rf(x,y)dA:/ab/cdf(x,y)dydx:/Cd/abf(x,y)dxdy.

lemma 0.2.1. (Holder’s Inequality) Assume that f € LP and g € 17 with
1 <p<oo. Then
fge L,

and

/ ol < 11711 llgll, -
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Theorem 0.2.6. (Lebesgue dominated-convergence Theorem)[11] Let {f,}
be a sequence of functions in L*. Suppose that there is a function g € L
such that for all n, |f.(x)| < g(x) almost everywhere on Q. If {f,} — f
almost everywhere on Q, then f € L' and lim, o [, fo = [, [-

Theorem 0.2.7. (Property of unique continuation) Assume that f € C*(Q)
where € s connected open set in R™ then f is determined uniquely in Q if we
know D*f(2) for all a € Z™, or f is determined uniquely in 2 by it’s values

in any nonempty open subset of 2, or if f =0 in any open subset of 1 then
f=01in Q.

Theorem 0.2.8. (Whitney Extension Theorem) Suppose r is a non-negative
integer and A C R" is closed. Assume for each x € A that there exists a
polynomial

P.(y) = Z any®, for all y € R",

laf<r

(where each a, € R)so that

lim |D°P,(y) — D°P(y)| |z —y| "1V =0,

lz—y|—0

uniformly on compact subsets of A for each multi-index 5 with |B] < r.
Then there is a function f :R™ — R of class C" so that

D°f(x) = D Py(w),

for each multi-index 8 with |B| < r and each x € A.

0.3 Chebyshev Polynomials of the first kind

The Chebyshev polynomials T,,(x) can be obtained by means of Rodrigue’s
formula (—2)nl y
—2)"nl! " 1
T,(z) = V1 —a2—(1—a®)"2,
@) =2 P L)
When the first two Chebyshev polynomials Ty(z) and T (x) are known, all
other polynomials T},(x), n > 2 can be obtained by means of the recurrence
formula
Thii(z) = 22T, (x) — T—1(x).
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The derivative of T,,(x) with respect to x can be obtained from
(1 —a)T (x) = —naTy(z) +nTp_1(z).

One of the most important properties of the Chebyshev polynomials is their
orthogonality on the interval [—1, 1], i.e

0
—dr =4z m=mn
-1 \/1—$2 2’
, m=n=0

We observe that the Chebyshev polynomials form an orth?gonal set on the
interval —1 < x < 1 with the weighting function (1 — %)= .
Additional Identities of Chebyshev polynomials is implemented as follow

1

Toi1(x) = cos[(n + 1) cos™ z,
Tooiw  T,_1(x) 2cosfsind
ntl _ n - = 9T, > 9,
n+1 n—1 sin 6 (x), nz

and

1 Tn+1(l‘) Tn_l(l‘)
. _ > 9
/Tn(x)dx 2[n+1 n_l]—i-C', n>2

0.4 Legendre Polynomials

The Legendre polynomials are defined by Rodrigue’s formula

1 d°

Po(w) = 2nn! dgm

(22 -1)", n=01,2,..,

for arbitrary real or complex values of the variable x.
One of the most important properties of the Legendre polynomials is their
orthogonality on the interval [—1, 1], i.e

/ P, (z)P,(x) =0 if m # n,

1

and

/_t[Pn(a:)]de = 2n2+ . if m=n.
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They can be determined with the aid of the following recurrence formulas:

214+ 1 ]
i 2Py(x) — —
1+ 1 1+ 1

Py(x) =1, P(x) =2z, Py(z) = P _4(x), 1=1,2,..
The shifted Legendre polynomials are a set of functions analogous to the
Legendre polynomials, but defined on the interval (0,1). They can be defined

as
2r — h

“h )
and they obey the orthogonality relationship

Py (x) = Pl

h

1
P! (2)PMx)de = ———6mn
| Ph@Pl s = b,

where 0,,, is the Kronecker delta.
The analogue of Rodrigue’s formula for the shifted Legendre polynomials is

1 d* 2z—h "
Ph@) = e (T2 e

The shifted Legendre polynomials are obtained using the following recurrence
formula:

2x — h (2i+1)(2x — h) i
&~ " ph h(p)— ph
h ) H—l(x) (2 + 1)h i (l’) Z—|— 1 i—1

Py(z) =1, P{(x) =

(), i=1,2,...

A function u(z,t) of two independent variables defined for 0 < x < [ and
0 <t <7 may be expanded in terms of shifted Legendre polynomials as

uwt) = 33 ayPIOP@) = 0T (OAS),  (041)

i=0 j=0
Pl ]
app--- QAom P?El‘;
where A = : , o(x) = o,
Ano---  Qnm, pl (x)

and
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U(t) =

LB (t)
Additional identities of shifted legendre polynomials is implemented as fol-

low: oo .
(t) = Mph(t), r=1,2..,

P;fli-1<t> - Plh h r

r—1

t
/ ! h
h _ h __ ph —
/0 PT (t )dt - 2(2r+1)[P7‘+1(t) P’r—l(t)]? r 1727"'

0.5 A priori estimates of the Schauder Type

An a priori estimate is an estimate which can be derived without a rudimen-
tary knowledge that the solutions for which the estimate holds, do in fact
exist.

Some a priori estimates can be used to prove the existence of solutions, i.e;
if one can prove an a priori estimate for solutions of an equation, then it’s
often possible to prove that solutions exist using the continuity method or a
fixed point theorem.

These estimates are similar to estimates derived by Schauder about the reg-
ularity of solutions to linear, uniformly, elliptic partial differential equations.

There are two kinds of Schauder estimates. The first kind is called inte-
rior estimates where the holder condition for the solution is given in interior
domains a way from the boundary. The second kind is called boundary es-
timates where the holder condition for the solution is given in the entire
domain.™")

Consider the equation

< 0%u a ou ou _
Lu= Z a;;(z,t) 8mi8x]~+; bi(x,t)a—mi—i—c(x,t)u—a = f(x,t)in D+ Br.

ij=1
(0.5.1)

The following assumptions as in [10] will be needed:

(A)The coefficients of L are locally Holder continuous (exponent «) in D,
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and
|aij|a S Kl? |dbzla S K17 |d20‘a S Kl.

(B)For any (x,t) € D and for any real vector &,

n

Y aya )6 > Ko €7, (K3 > 0)

ij=1
(C)f is locally Holder continuous (exponent «) in D and
2], < oo.
We will now state the interior estimates theorem.

Theorem 0.5.1. [10] Let (A), (B), (C) hold. There exists a constant K de-
pending only on Ky, Ko and onn, o such that for any solution u of (0.5.1) in
D for which ||u||) < oo and uy, Dyu, D*u, Dyu are locally Holder continuous
(exponent o) in D, u must belong to C*T* and

1llyq < B ([[ully + || £]],)-

0.6 Notations

Let €2 C R™ be an open set, then the following notations will be used in our
thesis.
C'(2) is the space of continuous functions on {2.

C*(9) is the space of functions k times continuously differentiable on Q if
k > 1is an integer and k — {k} times holder continuous when k is fractional.

C>(Q) = N, C*(Q)(Stands for the set of functions with continuous par-
tial derivatives of any order).

Co(Q) is the space of continuous functions on 2 with compact support in
2, i.e, which vanish outside compact set K C .

Ce(Q) = C=(2) N Co(Q)(Denotes the class of infinitely smooth functions
in 2 with compact support).
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Ck(Q) : k€N, 0 < a < 1, denotes the linear space of functions in
C*(Q) whose k-th order partial derivatives are Holder continuous, i.e, for all
B € N with |8| = k there exist constants '3 > 0 such that for all z, y €
we have

[DPu(x) — D%uly)| < Tsle —yl°,

with norm

||u||Ck,a(Q) = ||u||0k(ﬂ) + max sup |Dﬁu($) _ ‘DO;Bu(y)l
1B1=F 4 yetr |z — y

If feCYQ),it’s gradient is defined by

af of of |
Br, Oy " Oz

Vi=(
If f e CFQ) and a = (a1, ag,..., ) is a multi-index of length |a| =
a1 + ag + ... + ay, less than k, we write

o 9 oo

e f
Ox{" 0zy*  Oxon

D f =
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Chapter 1

Inverse Problems

In this chapter we organize some inverse problems and mention their appli-
cations. Given a full characterization of a physical system we can predict
the outcome of some measurements and we arrive to a forward problem or
a direct problem. Using the actual result of some measurements to infer the
values of the parameters that describe the system we get an inverse problem.
In other words, inverse problems could be described as problems where the
answer is known but not the question or where the results or consequences
are known but not the reason.

Inverse problems have many applications in many branches of science and
mathematics, including computer graphics and computer vision, natural lan-
guage processing, machine learning, statistics, statistical inference, geophysics,
medical imaging, astronomy, physics and many other fields.

1.1 Inverse problem of gravimetry

The gravity field v around a planet which can be measured by the gravity
force Vu and which is generated by the mass distribution f is a solution to
the Poisson equation
—Au = f in R® where lim u(x)=0.
|z| =400

The direct problem of gravimetry is to find the values of the gravity field u
around the planet given the distribution of mass f inside the planet, but there
are different distributions of mass that give exactly the same gravity field in
the space outside the planet. This is a well posed problem it’s solution exists
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for any distribution that is zero outside a bounded domain 2, it’s unique
and stable. So that, the problem can be solved numerically by using finite
difference schemes. In fact the solution is given by the Newtonial potential

1
ua) = [ ke =pfwdy. k) = o
The inverse problem of gravimetry is to infer the mass distribution f from
observations of the gravity field u or more physically Vu on I which is a part
of the boundary 0.
An important property of the inverse problem of gravimetry is it’s ill-posedness,
which creates many mathematical and numerical difficulties. In fact, the ill-
posedness comes from the nonuniqueness of the mass distribution.
This problem has many applications in recovering the interior of the earth
by translating results of measurements of the gravity field. Another applica-
tion is in gravitational navigation, where one can measure gravity field (by
satellites), and then find the function f that produces this field, and then
use these results to navigate aircrafts.

1.2 Inverse scattering

The direct scattering problem is to determine the scattered wave for a given
object based on the properties of the scatterer. In other words, we need to
calculate the total field for acoustic and electromagnetic scattering problems
with corresponded wave numbers. On the other hand, the inverse problem
is to find a shape of a scattering object given the intensity (and phase) of
sound or electromagnetic waves scattered by this object.

In summary, the task of direct scattering theory is to determine the relation
between the input and output waves given the details about the scattering
target while the task of inverse scattering theory is to determine character-
istics of the target, given sufficiently many input and output pairs.

We consider solutions to the Helmholtz equation

Au(x) + k*u(z) =0 in R*\D,
subject to the Dirichlet(for a soft obstacle)boundary condition

u=0 on 0D,
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or Neumann(for a hard obstacle)boundary condition

@+bu:0 on 0D,
ov

where our space is R? and the obstacle D C R3 is a closed bounded set.

We are looking for a family of solutions u such that the solution u is de-
composed into incident field v and scattered field u* that is

u(@) = u'(2) +u'(2),

where .
ui (z) = exp(ikCr),

and " .
L T N

u’(x
For a given obstacle, these equations uniquely determine the function A(o, ¢; k),
called the scattering amplitude or the far field pattern. The inverse scatter-
ing problem is to find a scatterer from far field pattern.

||

Inverse scattering problems arise in many applications including computer to-
mography, seismic and electromagnetic exploration in geophysics. We know
about the interior structure of the earth by solving the inverse problem of
determining the sound speed by measuring travel times of seismic waves,
the structure of DNA by solving inverse X-ray diffraction problems and the
structure of the atom and it’s components from studying the scattering when
materials are bombarded with particles. Medical imaging uses scattering of
X-rays, ultrasound waves and electromagnetic waves to make images of the
human body which is of valuable help with medical diagnosis. The oil explo-
ration industry uses the reflection of seismic waves in oil prospecting.

1.3 The inverse conductivity problem
The conductivity equation for electric potential u is

div(aVu) =0 in Q,
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subject to the Dirichlet data at the boundary
u=g on 0,
where a is a scalar function that is measureable and bounded.

The direct problem is to find u given a and g. This problem is well posed,
i.e the solution exists for Lipschitz g. For the inverse conductivity problem
we consider the additional data

ou

h=—onT

ov ’
where I' is a part of the boundary.
Hence, the inverse problem is to find a and u for one g (one boundary mea-
surements) or for all g (many boundary measurements). The inverse conduc-
tivity problem is nonlinear because both a and u are unknown.

This problem applies to a variety of situations when someone need to find
interior characteristics of a physical body from boundary measurements and
observations. The inverse conductivity problem can be used as a fundamen-
tal mathematical model for the electrical impedance tomography which is
a good method for predicting the interior of the human body by surface
electromagnetic measurements. Also, the same mathematical model works
well for magnetometric methods in geophysics, mine and rock detection, and
underground water search.

1.4 Tomography (Integral geometry)

The aim of integral geometry is to find a function f given the integrals f7 fdvy
over a family of manifolds {~}.

Some mathematical theorems in integral geometry form the foundation of
tomography. The goal of tomography is to recover the interior structure of
a body using external measurements. X-ray computed tomography is the
most basic type of tomography where the goal of this technique is to get a
picture of the internal structure of an object by X-raying the object from
many different directions.
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As an X-ray passes through a patient, it is attenuated so that it’s inten-
sity is reduced. This depends upon what material the ray passes through:
it’s intensity is reduced more when passing through bone than when passing
through muscle. To reconstruct an image of the body from a set of X-ray
measurements it’s very important to measure exactly how different materials
absorb X-rays.

Now, when the X-ray enters the body it does so in a straight line with in-
tensity Isqr+ and when it leaves it will have intensity Iyiisn. Hence, the
attenuation(reduction in the intensity)is given by

Ifinish = [start eXp(iR)a

where
R= /u(s) ds, wu(s): optical density of the material.

Then, the inverse problem is to find the density u(s) given the attenuation
of the intensity.

1.5 Inverse spectral problems

Consider the eigenvalue problem
—Au+Au=0 in D,
subject to the Dirichlet boundary condition
u=0 on O0D. (1.5.1)

The main objective in spectral theory of differential operators is relations
between geometric data (coefficients of (1.5.1), shape of the boundary) and
spectral data (eigenvalues or eigenfunctions of (1.5.1)).

The direct problem is to find the eigenvalues {A\;} and solution of (1.5.1)
given the coefficients of the equation (1.5.1), while the inverse problem is to
recover the geometric data from suitable spectral data.

Both problems have numerous applications in physics. The physical mod-
els include vibration of elastic bodies, acoustics, electromagnetic waves and
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quantum mechanics.

In PDEs, we divide inverse problems into three main areas including: in-
verse problems in elliptic, hyberbolic, and parabolic.

In a direct well posed problem we need to find a solution for a given partial
differential equation subject to initial and boundary conditions. But in in-
verse problems, the PDE and initial conditions or boundary conditions are
not fully specified but instead some additional information is available.

So, when we deal with inverse mathematical physics problems we can speak
of coefficient inverse problems, boundary inverse problems, geometric inverse
problems in which the domain is unknown, and evolutionary inverse prob-
lems in which initial conditions are unknown.

Inverse problems for partial differential equations are nonlinear, and most
of them are illposed in the sence of Hadamard. Illposedness must be handled
either by using a priori information which stabilize the problem or by using
appropriate numerical methods called regularization techniques.

But these problems represents the most popular mathematical models of re-
covery of unknown physical, geophysical, or medical objects from exterior
observations. Hence, it’s very important to study the recent results about
uniqueness and stability of these problems.
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Chapter 2

Inverse parabolic problems

In this chapter we consider the second order parabolic equation in multi
dimensional case:

ao% —div(aVu) +bVu+cu=f in Q =Q x (0,7), (2.0.1)

subject to the initial condition
U = ug on Q x {0}, (2.0.2)
and the lateral boundary condition
u=g on 00 x (0,7T), (2.0.3)

where 2 is a bounded domain in the space R™ with the C%-smooth boundary
0f). Here a is a symmetric strictly positive matrix function with entries in
L>(Q), bis a real-valued vector function with the same regularity properties;
and ay, ¢ are real-valued L*>(Q)-functions, ag > € > 0.

It has been proved that if ) is bounded and in C?**, 0 < A < 1, the func-
tions ag, b, ¢, f belongs to C”\’%(@), the coefficient matrix a in CH’\’%(@),
then the initial boundary value problem (2.0.1)-(2.0.3) has a unique solution
u € C2+M+3(Q) provided the boundary data g € C2 143 (9 x [0, T]) and
the following conditions are satisfied: g = 0, ao% = f, on 09 x {0}.

Also, when all coefficients are only in C(Q), a € CY(Q) and f € L>*(Q)
then an unique solution u can be obtained in the anisotropic Sobolev spaces
H§71(Q), 1 <p<oo.
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If the coefficients are in L°°(Q) one has an unique generalized solution u that
belongs to Hy*(Q) (N C*%(Q) for some p € (0,1).

Solutions to linear parabolic equations have important properties concerning
the positivity principle and maximum principle which can be formulated as
follows.

Theorem 2.0.1. [1](The positivity principle)
Iffi=0,fr>00nQ, g>00n002x(0,T), up>0on Q, thenu >0 on Q.
In addition, if u(x,t) > 0, then u(y,s) >0 wheny € Q, t <s<T.

Theorem 2.0.2. [1](Mazimum Principle)
If fi=0and c > 0in @, then v < maxu over OQr provided maxu > 0.

We are going to present two results about direct problems where the co-
efficients are independent of time. Let A = —div(aV) + b.V + c.

Theorem 2.0.3. [1](Analyticity with respect to t)

Assume that the coefficients of A do not depend on t; ay, Va € C(Q);
b,c € L>®(Q); the right hand side of (2.0.1) f = 0; and the Dirichlet
data g € C*(0Q x RY) are (complex) analytic in a sector containing the
ray (T — €,00). Then a solution to the first boundary value problem (2.0.1),
(2.0.2),(2.0.3) is complex analytic with respect tot in a smaller sector. There
is C' depending only on Q, H{°(Q2)-norms of ag, a, b, ¢, and the ellip-
ticity constant of A such that for a solution u to the parabolic boundary
value problem (2.0.1), (2.0.2), (2.0.3) is with T = oo, f =0, up = 0, and
geHt: (0Q x (0,7)) that doesn’t depend on t € (3,00), one has

(D)l () < C llgesp(Cll 5, (99 x (0,7), L€ 5.

Theorem 2.0.4. [1] Assume that the coefficients of A don’t depend on t;
¢ >0, and g doesn’t depend on t € (5,00), g € C*(99Q x R*),Hgﬂ(%) (082 x
(0,7)) < 1. Let u® be the solution to the Dirichlet problem Au® = 0 in Q,
u® = g(,7), then there are C and 0 > 0 depending only on Q, T, on the norms
of the coefficients and of Va in L>*(2), and on the ellipticity constant of A
such that ||u(,t) — u°||, () < Cexp(—tf), when T < t.

Some basic solvability and regularity results about the direct problem
(2.0.1)-(2.0.3) are described in the following theorem.
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Theorem 2.0.5. [1] (i) (Weak Solutions) Assume that f; € L*(Q), uo €
L*(Q), g, % € LQ((O,T);H%(E)Q)). Then there is a unique (generalized)
solution uw € C([0,T]; H1(2)) to the initial boundary value problem (2.0.1)-
(2.0.3).

(i1) (Regularity) If f; € L>(Q) and u € C*2 (1), where T is an (open) part
of 0Qr and 0Qr = QN {t < T}, 0 < XA < 1 thenu € C*2(QJT) with some
e (0,1). IfOQ € C**, ag, a?*, 8a®®, by, ¢, fo € CM2(QO), fj=0, ug €
CTMONQY), g € CTH2 (50 x [0, T]NQV), where Q° is a subdomain of
Q@ and the following compatibility conditions are satisfied: ug = g, %—l—Auo =
fo on 0 x {0}, then u € CEAHE (QOJT), where T s an open part of
QN Q.

In inverse problems one is looking for one or several coefficients of equation
(2.0.1) or for the source term f, when in addition to the initial and lateral
boundary data (2.0.2), (2.0.3) we are given either the final data

u=ur on QxT, (2.0.4)
or the lateral (Neumann) data
aVu.wv=h on T'x(0,T), (2.0.5)

where I' is a part of 902 and v is the unit outward normal to 0.

2.1 Final overdetermination

In this section we consider the uniqueness, stability and existence of solution
to the inverse problem with additional data at the final moment of time T
In the next theorem assume that € is of class C*** and \ is any number in

(0,1).

Theorem 2.1.1. [1] Assume that f = oF, where F € C*(Q), % =0, and
that the coefficients of equation (2.0.1) and the weight function o are given
and that they satisfy the following conditions:

a, b don't depend on t; ¢ > 0, % <0 on Q; %,
2 0, W e Q).
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0
a20,8—?200nQ;e<a0an{T}. (2.1.1)
Then, there is a constant C' depending only on || ||, x-norms of the coeffi-
2

cients of the parabolic equation (2.0.1) and of o and on the positive number
€ such that any solution (u, F') to the inverse source problem (2.0.1), (2.0.2),
(2.0.3), (2.0.5) satisfies the inequality

lullxsz, 31 (@)FIFI]5 (@) < CllJuol |y (D) Fur|[sga () +1gll1g2,2 11 (92x(0,T))).
(2.1.2)

Moreover, a solution (u, F') with the finite norms on the left hand side of

(2.1.2) exists for any data g, ug, up with the finite norms on the right hand

side of (2.1.2).

Proof. Assume that uyp = 0, ¢ = 0 and consider the (integral) equation

ou(,T; F)

F—a '(,T)ae(,T) Py

=a '(,T)A(,T)ur, (2.1.3)
where u(z, t; F') denotes the solution to the direct parabolic problem (2.0.1)-
(2.0.3) with f = aF and A = —div(aV) +b.V + ¢ is the second-order elliptic
operator.

Equation (2.1.3) implies that A(,T)ur = A(,T)u(,T;F) on , and then
up = u(,T; F) by uniqueness in the Dirichlet problem.

Due to the smoothing properties of diffusion equation with respect to time,
the operator F — % in the space C'(Q) is continuous. Hence, equation
(2.1.3) is fredholm, and for any ¢ there is C'(§) such that

Transferring the term with % into the right side of (2.1.3) applying (2.1.4)

and the triangle inequality, and using the regularity of the coefficients and
of a, we get

ou(,T; F)

Y () < G[E], (2) + C[F]]o (). (2.1.4)

l

1E1], () < 0 1[F]], + ClIEllg + C lur]y5 ().

Choosing 6 < 1, we obtain the estimate (2.1.2)with the additional term
|| F][, (€2) on the right side.

To prove the uniqueness it’s sufficient to show that u = 0 wn @, provided
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that the boundary data (2.0.2), (2.0.3), (2.0.4) are zero.

Assume that F' is not zero on €. Let f+ = f%m and [~ = —SHI - Since
a >0, we have (aF)" = aF*, and (aF)” = aF~.

Since ' € C*(Q), the functions F*, F~ have the same regularity, F~
can’t be zero since if F'~ = 0, then F' > 0 and by the positivity princi-
ple u > 0 on Q x {T'} which contradicts the condition (2.0.4) to be zero.
Simillarly, the case F'" = 0 is not possible.

Let u™, u~ be solutions to the parabolic problem (2.0.1), (2.0.2), (2.0.3)
with zero initial and lateral boundary data and with the source term aF'*,
aF~. By theorem (2.0.5) these solution exist and are in C2+2(Q). By
positivity principle, ut, u= > 0.

We claim that
1. a“ >0on Q and on Q x {T} .

2. %= >00n Q and on Q x {T}.

To obtain, the first claim: by using finite difference with respect to ¢ and
an estimate for the solution of the parabolic problems before the solution is
known to exist, one can show that w = % € CHMFZ(Q).
Differentiating equation (2.0.1) with respect to ¢t we get

+
8; — div(aVw*) + b.Vw* —l—(c—l—%) +_ 0o

9,
BT T _ Loyt >01in Q,
by conditions (2.1.1).

ot ot

Qo

From the equation for u™ at t = 0 we have w™ = 85‘; = AO —i— aagFt >
0 on Q. Hence, w = 0 on 9 x (0, T). By positivity principle, 2~ = w* > 0.

A proof of the second one is similar.

’at

Now u* has a maximum point 2° € Q since u* = 0 on 9Q x {T} and
ut € C(Q x {T}). Since u+ > (0 and Bgt , 2 > 0 this maximum is pos-
itive, and 2° € Q. Also z° is a maximum pomt of u= on Q x {T} since

u=0on 0Q x{T}.

From the definition we have that either (a) aF* (2% T) = 0 or (b) aF~(2°,T) =
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0. In case (a) using the above two claims we obtain Aut (2%, T) = 0 —
Ou(x0,T) . . .. .. .
ap—5;—- By using the maximum principles for elliptic equations we con-

clude that u™ is constant near x° which gives a contradiction with Au™ <

0 on Q x {T} near 2°. Similarly, we arrive at a contradiction in case (b).

The contradiction shows that the initial assumption was wrong, so v = 0.
O

Now we will study identification of a time-independant coefficient c.

Theorem 2.1.2. [1] Consider the initial boundary value parabolic problem
(2.0.1)-(2.0.3) with ap = a =1, b =0, f =0, up = 0, and given g €
CEMER) (90 % [0,T)) from the additional final over determination (2.0.4)
where the coefficient ¢ = c(x) € CN(Q) is unknown then we have the following

results:-
(i)(Uniqueness) If

g >0, %EOand%#Oonﬁﬂx(O,TL (2.1.5)

then a solution (u,c) to the inverse coefficient problem is unique.
(11)(Stability) If (uy,c1), (u2, c2) are solutions of the inverse problem with the
data g1, up1, go, Uz Satisfying condition (2.1.5) and the additional condition
€ < gj on 0Q x {T}, then

lle2 = ally (Q+uz — willy 5113 (@) < Clllg2 = gillain 142 (02%(0,T))+[Juzz — uralyy5 (2)),
(2.1.6)

where C' depends on the same parameters as in theorem (2.1.1), on €, and

on the norms of g;, ur; used on the right side of inequality (2.1.6).

(iii) (Ezistence) If in addition upr € C**(Q) satisfies the conditions

ov(,T)

—AUT + ot

<0, ur >0o0nQ, g=up on 02 x{T}, (2.1.7)

where v is a solution to the initial boundary value problems (2.0.1)-(2.0.3)
with ¢ = 0, then there is a solution (u,c) € C*™ H2(Q) x CMQ) to the
inverse problem (2.0.1)-(2.0.3), (2.0.4).
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Proof. From our condition on the data of the parabolic equation (2.0.1)-
(2.0.3), (2.0.4) we get the following problem :

%—Aujtcu:o in Q=Qx(0,T),

u=0 on Qx {0},
u=g on 002 x(0,T),
u=ur on Qx{T}. (2.1.8)
We need to prove uniqueness, existence, and stability of equation (2.1.8).

(i) Using a possible translation with respect to t, one assumes that g is
not zero on any set 92 x (0, 7).

Now, since f =0, g > 0 on 9Q x (0,7), ug = 0, then u > 0 on Q = Q2 x (0,7
according to the positivity principles for the parabolic problems.

Differentiating equation (2.1.8) with respect to ¢t we get

0%u ou ou
TU AN L% 0 in Q=Qx (0T
BT 8t+68t 0 in Q x (0,7,

%:O on ) x {0},
du  dg
E—E on 8QX(0,T)7
ou  Our
E—W on QX{T}

By applying the positivity principles to the previous equation and using that

szonQ,%ZOOTL@QX(O,T),%zo,then%—?>00nQ.

Now, if (uq, ¢1) and (ug, ¢2) are two solutions to the inverse parabolic problem
(2.1.8), then subtracting the equations for them we get
Oy —
% — Aug — up) + (coug — cqug) =0 on Q@ =Q x (0,7,

ug —uy =0 on Qx{0},
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us —up = go — g1 on 0 x [0,7T],
Uo — Ul = U — UT1 ON QX{T}

Letting u = us — uy, we get

0
a—?:—Au—l—cQuQ—clul =0 on Q=Qx(0,7T).
Adding and subtracting c;us we have
ou
5 Au+ (cg — c)ug + c1(ug —up) =0 on Q.
Now, let o = ug and F' = ¢; — ¢y we get
0
—U—Au—i-&F—l—clu:O on Q.
ot
So, we obtain the inverse source problem
0
aF = —8—1: +Au—ciu on Q. (2.1.9)

This is the same as the one mentioned in theorem(2.1.1), where the condition

(2.1.1) is satisfied due to
ou

E?
Hence, according to theorem (2.1.1) we conclude that v = 0 and F' = 0. So,
Uy = up and ¢y = ¢1.

u>0on Q.

(i) Let (ug,c1), (ug,ce) be two solutions of the inverse problem (2.1.8) with
the data g1, uo1, g2, uge satisfying the conditions

g1, g2 2 07

%, % > 0 (and not identically zero) on 92 x (0,T),

and the additional condition € < g1, g2 on 0Q x {T'}.

By repeating the same subtraction procedure used in the proof of the unique-
ness above and by letting u = uy — uy, @ = uy and F' = ¢; — co, we get the
equation

ou
aF = - + Au — cyu.
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Now, applying the estimate (2.1.2) in theorem (2.1.1) with u = uy — u; and
F=c; —cy we get

llea = e[y (Q)+[Juz — willypx 142 (@) < Cllg2 = gillagn 142 (02%(0,T))+||ure — ur ]y, ().

(iii) The proof of existence can be found in [1]. O

If, we are looking for principal coefficient ag of the problem (2.0.1)-(2.0.3),
(2.04) witha=1,b6=0,c=0, f =0, and ugp = 0 then a similar result is
valid.

2.2 Lateral overdetermination:single measure-
ments

Inverse problems with final overdetermination are stable and computationally
feasible, but they don’t reflect interesting applied situations when one is given
lateral data.l!

This section is devoted to identification problems when one is given single
boundary measurements; i.e, we are given one set of lateral boundary data
{g, h} on the lateral boundary 9€ x (0,7 or on a part of it.

An uniqueness result is given by the next theorem, where the inverse problem
is considered in the one-dimensional case .

Theorem 2.2.1. [1] Let T' = 09, where Q = (0,1) in R. Let g(t,j),
j = 0,1, be the transform of a function g*(1,7) € C*([0,00)) whose absolute
value is bounded by C exp(CT) with some C' and that satisfies the condition
g*F=1(0) # 0. Then the coefficient ¢ = c(z) € L=() of equation (2.0.1)
with ap = a = 1, b = 0 or the coefficient a = a(z) € C*(Q) of the same
equation with ag = 1, b = 0, ¢ = 0 is uniquely determined by the Neumann
data (2.0.5) of the parabolic problem (2.0.1)-(2.0.8) with f =0, ug = 0, and
g=g(.j) atw=3.

In the multidimensional case the initial condition (2.0.2) is replaced by
the condition u = uy on Q x {0} where vy is positive .
Let P be a half-space in R", e the exterior unit normal to P, I' = 0Q P,
and zy a point of P such that 2°.e > z.e when = € T.
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Theorem 2.2.2. [1]leta=1,b=0,c=0, f =0, and g, uo € C(Q), 90 €
C' where (n + 7)\2 < 1. Assume that

0<e<Llug on Q=0[)P. (2.2.1)
Then the coefficient ag = ao(x) € C'(Qo) satisfying the condition
1
Vag.e <0, 0<ag+ §Va0.(:v —x9) on o,

is uniquely determined on Sy by the additional Neumann data (2.0.5).

In the following theorem, the uniqueness result of the coefficient ¢ = ¢(x)
is given where the condition (2.2.1) in theorem (2.2.2) is replaced by the
condition 0 < €y < ug on .

Theorem 2.2.3. [1] Let ap=a=1,b=0, f =0 and g, ug, ¢ € C' where
(n+ 7)\2 < 1. Let the initial data satisfy the condition

O<e<ug on QozﬂﬂP.

Then the coefficient ¢ = c(x) is uniquely determined on Qg by the additional
Neumann data (2.0.5).

2.3 Lateral overdetermination:many measure-
ments

This section is devoted to identification problem when one is given the Neu-
mann data for all (regular) Dirichlet data (2.0.3). In other words we know
the lateral Dirichlet-to- Neumann map A, : ¢ — h.

We start this section by answering the uniqueness question concerning the
coefficient a = a(x) and ¢ = ¢(z) of the problem (2.0.1)-(2.0.3), (2.0.5).

A proof of the next theorem can be done using the stabilization of solutions
of parabolic problems when ¢ — oo and by reducing our inverse parabolic
problem to inverse elliptic problem with parameter where one can use results
concerning elliptic equations.

Theorem 2.3.1. [1] Let ag = 1, b = 0, and let a be a scalar matriz. Let
f=0and uy =0. Let I' = 0. Then the lateral Dirichlet-to-Neumann map
A\, uniquely determines a € H3*(2) and c € L*>(2).
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Proof. The substitution u = v exp(At) transforms the equation

% —div(aVu)+cu=0 in Q,
into the following equation
ov , ,
5 div(aVv) + (c+ANv =0 in Q. (2.3.1)

Choosing A large we achieve that ¢+ A > 0.

Let g = ¢°¢ where ¢ € C?(09) and ¢ € C?(99) satisfies the conditions

6=0 on (o0, ),
p=1 on (%,oo)

Extend g onto 9Q x (T, 00) as ¢°.

According to theorem (2.0.3), the solution v(z,t) is analytic with respect
to t where % < t since the coefficients of the equation (2.3.1) and the lateral
boundary condition g do not depend on t when ¢t > %.

Equation (2.3.1) satisfies all the conditions of the maximum principle and
it’s coefficients and the lateral boundary conditions don’t depend on t > %.
Hence, theorem (2.0.4) guarantees that |[v(,t) — v°]| () < Cexp(—t6).

Choosing t large enough, then we get

Jim [fo(,6) o]

Q) =0, (2.3.2)

0

where v” is an unique solution to the Dirichlet problem

—div(aV°) + (c+ A’ =0 in Q,

v’ =¢° on ON. (2.3.3)

Theorems and results concerning inverse elliptic problems can be applied to
equation (2.3.3).
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The maximum principle for parabolic equations yields ||v|| (2 x RT) < C,
so the local LP-estimates for parabolic boundary value problems according
to theorem (2.0.5) gives |[v[|, ., (2 X% (s = 1,5+ 1)) < C.

Differentiating equation (2.3.3) with respect to ¢t and again using the local es-

. . . v

timates, we derive from the previous bound that || 22| !2’1;1) (2x(s,s+1)) < C.
Trace theorems give |[v(,t)|[,) (€2) < C, from this estimate and estimate
(2.3.2) and by using interpolation theorems it follows that

t@m |v(,t) — UOH(l) (Q) =0.

Again by trace theorems, we obtain that lim; . 82(;) = %—zﬁ) in Hfé(aQ).

Since aag—(y’t) on 0f) is given, we conclude that a%—f on 0f) is given as well.
Thus, the Dirichlet-to-Neumann map for the elliptic equation (2.3.3) is ob-
tained for all A > —c. Hence, a and Va on 02 are uniquely determined
according to theorem (5.1.1) in [1].

The Riccati substitution v = a~2w transforms the equation (2.3.3) into

the Schrodinger equation
—Aw + a_%(Aa% +c+Nw=0 in Q.

By theorems (5.3.1) and (5.4.1) in [1] the coefficient ¢* = a~2(Aaz + ¢+ \)
of w (for any A) is uniquely determined by it’s Dirichlet-to-Neumann map.
Hence, a”? is uniquely determined as the coefficient of A in ¢*, therefore ¢ is

uniquely determined as well.
]

Theorem 2.3.2. [1] Let a = 1 and n > 3. There is positive € such that if
||curlb||, < e, then the coefficients ag, ¢ € L®(Q), b € H3*(Q) are uniquely
determined by A;.

Proof. The substitution u = v exp(At) transforms the equation

ou

o

into the following equation
ov

g~ Av+b.Vv+ (c+aX)v =0 in Q.

ag Au+bVu+cu=0 in €,
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As in the proof of theorem (2.3.1), A; uniquely determines the Dirichlet-to-
Neumann map A for the elliptic equation

~Av? + 5.V + (c+ apA\)v’ =0 in Q.

From the recent results of [1] and of [19] we conclude that curlb, ¢ + agA are
uniquely identified by A for all A\. So curlb, ¢, ag are unique. O

Theorem 2.3.3. [1] let ap=1,b=0, a=1. Let P be a half-space, n > 2.
Define Qo = QN P, I' = 0Q( P. Then the local Dirichlet-to-Neumann map
MANr g — 0uonl x(0,T), suppg C I' x (0,T) uniquely determines
c e L>®(Q) on Q.

2.4 Interior sources

All the results presented until now concerning identification of coefficients
have been obtained when the source term f = 0.

In this section we assume that the source term f is the Dirac delta function
d(—y,—s) with the pole at a point (y,s) and that the Dirichlet boundary
data g = 0 in our problem (2.0.1)-(2.0.3). Let I' be any open part of 0€2. Fix
a function g* satisfying the following conditions:

g >0o0onT x(0,7T),g" is not identically zero on T' x (so,T),
g* =0 on (0O\T') x (0,T), g* € C*(0Q x [0,T)),

_ 97

ot

We are looking for the coefficient ¢ = ¢(x) € C*(Q) of the parabolic initial
boundary value problem (2.0.1)-(2.0.3) with ag = 1, a = 1, b = 0 subject to
the Dirichlet boundary data g = 0.

*

=0 on 0Q x {T}. (2.4.1)

The solution of this parabolic boundary value problem is denoted by u(z, ¢; y, s).
It is Green’s function of the first boundary value problem for our equation.

Theorem 2.4.1. [1] The Neumann data (2.0.5) of u given for all (y,s) in
a neighborhood V' of a point (yo,so) € Q uniquely (and in a stable way)
determines c(yo, So)-
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Proof. Let v be a solution to the backward heat equation

ov
— + Av = 2.4.2
5 +Av=01in Q, ( )

with initial and lateral boundary conditions
v=0o0nQx{T},

v=g"on 0 x(0,T), (2.4.3)

where ¢* satisfy condition (2.4.1).
Using the known definition of a generalized solution to our parabolic bound-
ary value problem (2.0.1)-(2.0.3), (2.0.5) with the test function v, we have

v Lou
u(—— — Av + cv / =v(y,s).
5 V= o 8 =)

Using equation (2.4.2) we get

ou
uer) = [ g = ulys)
/Q I'x(0,T) v
Now the function

Uly,s) = /ch(; y,s)v =w(y,s) + v(y,s),

is given when (y, s) € V since v(y, s) is the solution to (2.4.2) and w(y, s) =

fo(O,T) g g“ is known according to the Neumann condition (2.0.5).

Since u(z, t;y, s) is the Green’s function for the equatlon — Au+cu = f,
we have aU
— AU +cU = cu.
0s

Now, since U(y, s) = w(y, s) + v(y, s), then

_ou ow v
- A =———-A —-—-A
e yU +cU = s yW + cw s yU + cv.
Using equation (2.4.2), we conclude that

_f;_w —Ayw+cw =01in Q. (2.4.4)
s
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According to conditions (2.4.3) the function U is both 0 on 2 x {T'} and on
082 x (0,T), hence we conclude that

w=U—-v=0o0nQx{T},
w=—g" on I x (0,T).

Due to condition (2.4.1) we have U = 0 < v on 9Q x (0,7) and v is not
identically zero there, so U < v on 92 x (0,T).

By the positivity principle for parabolic equations, we conclude that w <
0 in V. Hence, we can divide by w = U — v in V to find ¢(y, s) from the
differential equation (2.4.4) as follows

(%—f + Aw)

s YEY

c(y,s) =
0

Consider the problem (2.0.1), (2.0.2), (2.0.3) with a =1, b =0, ¢ = 0,
unknown positive ag, % € C*Q), boundary data g = 0, zero initial data,
and the source term f = §(—y, —s). Let u(;y, s) be a solution of this problem.

Theorem 2.4.2. [1] The Neumann data (2.0.5) for (y, s) in a neighborhood
of (Yo, 80), 0 < 59 < T uniquely determine ay(yo, So)-

Proof. Let v be defined as in the proof of theorem (2.4.1), with the condition
(2.4.1) replaced by

Jdg*
ot
g #0 on any I' x (0,7 — 1),
g =0 on (0O\T') x (0,T), g* € C3(T x (0,T)). (2.4.5)
By the definition of a generalized solution to our parabolic boundary value
problem with f = §(—y, —s) we have

ov / ou
v(Yy,s) = u(—ag—=— — Av) — —

Using equation (2.4.2), put Av = —2% hence we obtain

ot
ov Lou

v(y,s) = [ u(—a +1——/ —.
o= [ucangi- [ o

>0 on I'x (0,7,
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The function

v

Uly,s) :/Q(l_GO)U(;%S)atdxdt:v(y,8)+/ Ou

g —, (2.4.6)
I'x(0,T) v

is a known function when (y, s) is close to (yo, so) since both v(y, s) and the
integral [. 1) v2% are known according to equation (2.4.2) and the Neu-

mann condition (2.0.5).

Since u(zx,t;y,s) is the Green’s function for the equation ao% —Au = f
we have from (2.4.6)

—ao(y)%—g -ANU=(1- ao)% in Q,
U=0 on 9Q[{t>0}. (2.4.7)

From (2.4.2) it follows that

ov ov

—ao -~ Av=(1- ao)% in Q,
v=0 on Qx{T}. (2.4.8)
Subtract the two equations (2.4.7) and (2.4.8) we get
d(v—"U) :
— —_— A _— p—
G — - (v=U)=0in Q,
v—U=0o0n 00 x{T}. (2.4.9)

So 8(%—U) solves a homogeneous backward parabolic equation in ) and is

zero on §) x {T}.
O(v—U)

From (2.4.5) we conclude that =~ has non-negative lateral Dirichlet data
dg*

%L, so by positivity principles % > 0 in @ and we can find ag(y) from

(2.4.7) as follows
ov
L4+ AU)
ao(yo) = —5 2% :
(252 (o, 50)
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Chapter 3

Solution Strategies

In this chapter we will review some numerical techniques for solving inverse
parabolic problems. In solving them we face two difficulties: ill-posedness
and nonlinearity.

In most practical numerical procedures nonlinearity is removed by replacing
the original problem by its linearization around constant coefficient while
ill-posedness must be handled either by using some additional priori knowl-
edge about the problem which stabilize the problem or by using appropriate
numerical methods called regularization techniques.!

3.1 Numerical solution for the inverse heat
problem in R

Consider the heat equation in one dimensional case:

Ou(x,t) _ Ou(x,t)

oy EICE forall xinR, t >0, (3.1.1)

with initial values given by

u(z,0) = f(x), for all x in R.
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It’s well known that if f(x) is continuous and bounded for x € R, then

0o 2

o) = [ K05y = @x0F [~ esn(CE) p)ay

o 4t
(3.1.2)
The inverse heat problem in R is the problem of recovering the initial data

f(y) for all y € R when for some ¢t > 0, u(z,t) is given for all x € R.

Numerical solution of this inverse heat problem consists of approximating
the initial data using sinc expansion and the domain using discrete time and
spatial sampling, then the problem is reduced to Toeplitz linear system that
can be solved based on the preconditioned conjugate gradient method.

An approximation of f(y) in (3.1.2) is given by

~ Z f(kh)smc(y_hkh).

k=—00

Then (3.1.2) becomes

u(z,t)

)/_OO exp(%)sinc(y — kh)dy.

By letting x = ; = jh and ¢y = %, and after some simplification we finally

have
2

(@, o) ~ Z F(kh) / exp(4; )exp(i(k — j)7)dr,

= > f(kh)Biy,

k=—o0

where
= [ oo = explik — )7

are the Fourier coefficients of the function

o(7) = expl—).
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For fixed n > 0, we then have the discrete system:

u(aj,to) = Y f(kh)Bij.

k=—n

Or in matrix form:

BQn+1f = ﬁa
where Bs,11is a symmetric Toeplitz matrix given by:
ﬁ() ﬁl ﬁQn
BQn—i—l = B—l BO ﬁZn—l )

5—2’0 6—2n+1 60

and f, U are two vectors that are given by

f: (f<_nh)7f(_nh + h)7 7f(nh - h)7 f(nh))t7

and

—

U= (u(z_p,t0), o, u(To, o), v, u(n, to))".

The inverse heat problem (3.1.1) has been converted into a problem of solv-
ing the Toeplitz system. This system can be solved using iterative method
such as the conjugate gradient method.

By finding the inverse of Bs,,;we can approximate f(y) given .

3.2 Solving the one dimensional inverse parabolic
problem using Chebyshev polynomials of
the first kind

In this section a numerical technique for the inverse problem of finding an
unknown boundary condition from an additional information is presented.

Let us consider the following inverse heat conduction problem :

o _ o
ot Ox?’

u(z,0) = f(z), 0<z<az<l, (3.2.2)

O<z<l, 0<t<Ty, (3.2.1)
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u(zy,t) =g(t), 0<t<Ty, (3.2.3)
u,(1,t) = h(t), 0<t<Typ, (3.2.4)

where T is a given positive constant, f(x) is piecewise-continuous known
function, g(t) and h(t) are infinitely differentiable functions, and the sensor
is located at 1, 0 <z < 1.

In this problem we need to determine the temperature u(z,t) and heat flux
uz(0,%). This can be done by dividing the problem (3.2.1)-(3.2.4) into two
separate problems.

The first problem is
o _
ot 0x?%’
u(z,0) = f(z), =1 <xz<l,
u(zy,t) =g(t), 0<t<Ty,
u(1,t) = h(t), 0<t<Tp.

rn<xr<l, 0<t<Ty,

This problem is a direct problem with known boundary conditions and it has
a unique stable solution.

The second problem is

ou  0%u
it O<x<mx, 0<t<Ty, (3.2.5)
u(zy,t) =g(t), 0<t<Tp. (3.2.6)

To obtain the heat in the body and heat flux at the boundary = = 0 we need
an extra condition:

up(z1,t) = k(t), 0<t<T, (3.2.7)

where k(t) can be obtained from the solution of the first direct problem.

A stable solution for the problem (3.2.5)-(3.2.7) can be obtained by using
the transformations

1+ 2t
T=—-14—
Ty’
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and . T
T(x,7) = u(x, %)
Then(3.2.5)-(3.2.7)becomes
oT Ty 0°T
—_— = —1 1 2.
57 5 9p2’ 0<z<ux, <71 <1, (3.2.8)
T(xy,7)=G(r), —1<7<1, (3.2.9)
T
W —K(r), —1<7<1. (3.2.10)
x
Now we seek a solution for this problem in the form
T(x,7) =Y Y CyTy(r)(z — 1), (3.2.11)
i=0 j=0

where T;(7) is a ChebyshevT polynomials of degree j, and Cj; are constant
numbers which must be determined.

By putting (3.2.11) in (3.2.8) we get

then

ﬁ DY Cu(Ti(r)ili — 1) = Ty(r))(x — 21)" = 0.

i=0 =0
And, by equating the coefficients of each power of (z — 1)’ to zero, we find
27—;—}—1(7_)
. . Cijr1-
To(i + 1)t +2)T5(r)
From T'(zy,7) = Y72, Co ;T;(1) = G(7), we conclude that

Ci+2,j =

1 [t G(r)

and
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Similarly from % = K(7) we obtain

. d
7T/_1\/1—T2 !

2 [t K(1)T(r)
_;/_1 V1—r72 i

By substituting the obtained results in (3.2.11), we find

and

— 2 . T]/+k(7') Co,j+ Chj

— J¥S _ 2s ) ts T. _ 2s+1y

Teen) =33 ) Qg ) oy )™ 4 g Sy T ™)
(3.2.12)

Now, if G(7) and K (1) belong to Holmgren class H(z1,1,C},0) then (3.2.12)

is a solution to the problem (3.2.8)-(3.2.10).

Theorem 3.2.1. If G(7) and K(7), belong to Holmgren class H(x1,1,C1,0)
and G(1) and K(T), are approximated by two polynomials of degree n, then
the approzimate solution (3.2.12) is stable.

The proof of this theorem can be found in [4].
Now, if G(7) and K(7) are approximated by polynomials of degree n, then
by the orthogonality of ChebyshevT polynomials with respect to the weight
function (1 — 72) 7, and the following properties

' G(1)Tj1s(7) -
/1ﬁd7—:07 ]+S>TL,

and
K(t s ,
/ 1]+ d =0, j+s>n,

N
we will obtain an approximate solution for the problem (3.2.8)-(3.2.10) in
the form:

Z Z H 7}+k(7) ) )(?;’;;!SE(T)($—$1)2S+ (;li—i-f)‘ 7}(7_> (.I’—SL’1>28+1).

s—0 j=0 j—l—k 1(7'

The heat flux at = 0 can be obtained by differentiating the formula (3.2.12)
with respect to x and putting z = 0.
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3.3 Numerical solution of an inverse diffusion
problem based on the Laplace transform
and the finite difference method

In this section an algorithm for numerical solving an inverse nonlinear diffu-
sion problem is proposed. The numerical solution of inverse diffusion problem
requires to determine an unknown diffusion coefficient from additional infor-
mation.

Consider the following initial boundary value problem

%z%(a(u)%), O<z<1, 0<t<T, (3.3.1)
w(z,0) = $x), 0<z<1, (33.2)
—a(u(O,t))aug;’ D (), 0<t<T (3.3.3)
—a(u(l,t))auéi; D), 0<t<T (3.3.4)
w(0,6) = f(t), 0<t<T, (3.3.5)

where ¢(x), go(t), g1(t) and f(t) are continuous known functions. Here we
are looking for both the coefficient a(u(x,t)) and the solution u(x,t) for the
problem (3.3.1)-(3.3.5).

For an unknown function a(u), an additional information (3.3.5) must be
added to provide a unique solution (u,a(u)) to the inverse problem (3.3.1)-
(3.3.5).

To get a solution of problem (3.3.1)-(3.3.5) we start by linearzing the non-
linear terms in equations (3.3.1), (3.3.3) and (3.3.4) using Taylor’s series
expansion. Therefore, we obtain

9, u NG
%(a(u)%) = a(u)@,
~a(u(0, ) P42 = —agao, i) 240,
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Ju(1,t)
ox

ou(1,t)
au(1, 1) L,
where u = (ug, Uy, ..., un)-

Using Laplace transform, we can remove the time dependent terms in the
above equations, so we get:

= —ala(1,t))

a(u)% = L'{a(u)%} = E{% = sL{u}—u(z,0) = su—¢(x), 0 <z <1,
—a(u)% = E{—a(u)%} = L{go(t)} = /000 exp(—st)go(t) dt = Go(s), =0,

—af@) 00 = £{—a(@) e} = Lon(1)} = / " exp(—st)gr(t) dt = Gi(s), =1,

ou  9%u

ou 21 (1(s), and G, (s) are Laplace transform of u, S0 522> 9o(t)

where INL, 9z 0z’
and gy (t).

Now, we use central finite difference approximation for discretizing the fol-
lowing problem

a(ﬂ)% =su—¢(r), 0<z<lI, (3.3.6)
—a(ﬂ)% = Go(s), =0, (3.3.7)
—a(ﬂ)% =Gy(s), z=1. (3.3.8)

Therefore, we obtain

U — 2u Uy
CL(l_LH) Upt1 Uy + U1

—a(tg)————— = Go(s), = =0,

Then the previous problem can be written in matrix form as follows:

AU = B.
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To find U, we can use Gaussian elimination method, then using inversion of
the Laplace transform we get U = (ug ug ... uy).

The unknown function a(u) approximated as
a(u) = ap + aru + au® + ... + agu’,

where ag, a1, ..., a; are constant which remain to be determined simultane-
ously.

3.4 A tau method for solving the one-dimensional
parabolic inverse problem based on the
shifted Legendre polynomials

A direct computational technique is presented for the inverse problem of
finding a source parameter p(t) in the following diffusion equation:

ou _ o
ot Ox?

with initial condition

+pt)w+q(x,t), 0<z<I, 0<t<T, (3.4.1)

w(z,0) = f(x), 0<x<], (3.4.2)
and boundary conditions
w(0,t) = go(t), 0<t <, (3.4.3)

w(l,t) =q(t), 0<t <, (3.4.4)

subject to the overspecification at a point in the spatial domain
w(zo, t) = K(t), 0<t<T, (3.4.5)

where f, go, g1, ¢ and K are known functions, while the functions w and p
are unknown.

Starting with employing a pair of transformations

r(t) = exp(— /0 p(s)ds), (3.4.6)
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u(z,t) = r(t)w(z,t), (3.4.7)
to the problem (3.4.1)-(3.4.5), we get
ou  O*u
= — <z< <t < 4.
o axQ—i-r(t)q(a: t), 0<z<l 0<t<rm, (3.4.8)
subject to
u(z,0) = f(z), 0<z <], (3.4.9)
u(0,t) =r(t)go(t), 0<t <, (3.4.10)
u(l,t) =rt)ai(t), 0<t<m, (3.4.11)
and
u(zo, t) =r(t)K(t), 0<t<T. (3.4.12)
Integrating equation (3.4.8) from 0 to ¢ and using equation (3.4.9) we have
82 t ’ ! /
)= f(o) = [ S + / r( g, )t (3.4.13)
0

A function ¢(z,t) of two mdependent variables defined for 0 < x < [ and
0 <t <7 can be expanded in terms of double-shifted Legendre polynomials
as

Z Z ai P7 (¢ = ¢ (1)Qo(w), (3.4.14)

where Q is a (n + 1) x (m + 1) known matrix.
The function r(t) can be expanded in terms of n + 1 shifted Legendre series
as

r(t) =Y Py (t) = BT (t), (3.4.15)
k=0
where = |bg, 01, ..., 0" 1s an unknown vector.
here BT = [bg, by, ..., b,]" i k

Using equation (0.4.1), we have
d*¢(z)

dz?

Uge(7,1) = YT (1)A

then

/0 tumxt / YT () dt A ‘M )) (PY(t)TAD?*¢(x) = ¥ (t)PTAD?*¢(z),

(3.4.16)
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where P is an (n + 1) x (n + 1) operational matrix of integration and D is
the (m + 1) x (m + 1) operational matrix of derivative.
And by using equation(0.4.1),(3.4.14), and (3.4.15) we have

/0 (gl )it = ( / BT ()t )Qo(a). (3.4.17)

0

Now suppose
wk,i,j:/ PI(OPI (0P (8)dt, K, j.i=0.1,...n.
0

Then we see that

BTy ()" (1) = " (HH,
where His an (n+1) x (n+1) matrix given as Hy; = (2224) S0 bpwyjg, 0,7 =
0,1,..n.

Using the previous results equation (3.4.17) can be written as

/0 r(t)q(z,t)dt =T () PTHQo(x). (3.4.18)

Expanding f(z) by (m + 1) terms of shifted Legendre series we get
fl@) =Y fiPi(z) =" (HF (), (3.4.19)
k=0
where F is a known (n + 1) X (m + 1) matrix.

Substituting equations (0.4.1), (3.4.16), (3.4.18), and (3.4.19) into equation
(3.4.13) we get

V() AG(x) — T (F(x) = v ()PTHQe(x) + ' (1)PT AD?(x).

3.5 A high-order compact finite difference method
for solving an inverse problem of the one-
dimensional parabolic equation

In this section a fourth-order efficient numerical method is used to calculate
the function u(z,t) and the unknown coefficient a(t) in a parabolic partial
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differential equation.
Consider the reaction diffusion equation

% - a(t)% FAOu+ é(,t), z € (0,1), te (0,7, (3.5.1)

with initial condition
u(z,0) = f(z), z=€]l0,1], (3.5.2)
and boundary conditions
u(0,t) = go(t), t€]0,T], (3.5.3)
u(l,t) = ¢1(t), t€]0,7T], (3.5.4)
subject to an extra measurement
u(z*,t) = E(t), tel0,T], =" € (0,1), (3.5.5)

where A(t) is a known function of ¢, ¢(z,t) is a known function of z and
t, f, go, g1 and E are known functions, while u(z,t) and a(t) are unknown
functions to be determined.

First, equation (3.5.1) is transformed into a non-classical problem.
Differentiating E(t) with respect to ¢ and using (3.5.1)-(3.5.5), we obtain

£ = 200 _ o TUD |yt 1) + o)
_ a(t)% FADEW) + 62", b).

Assuming that 62%(;‘"; ) £ 0 we have

a(t) = 2= A(Qﬂi))_ YD e 0,1,

Ox2

Therefore the inverse problem (3.5.1)-(3.5.5) is equivalent to the following
problem:

% _E(t) - A(;?i@)— o(x*,1) gﬁ“(”“d)“’“’ (z,t) € (0,1)x[0,T7,

Ox2

(3.5.6)
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uw(z,0) = f(z), =€ (0,1), (3.5.7)

u(0,t) = go(t), t € (0,T], (3.5.8)

u(l,t) = ¢ (t), te (0,7T]. (3.5.9)

Applying 88—;2 to both sides of (3.5.6) and letting v(z,t) = BZgiﬁ’t), we get

% _EW- Mj?ff%‘ ¢z, 1) g;; +A(t)v+%, (,1) € (0,1)x[0,T],

’ (3.5.10)

v(z,0) = f'(z), ze€(0,1), (3.5.11)

 (Ghl) = ADgolt) — H(0, D)0, 1)
v(0,t) = ) - NOE@D — o) t € (0,77, (3.5.12)
o(1,1) = (9:(t) = A()gr () — ¢(1,t))v(if*’t)7 te (0.7 (3.5.13)

E'(t) = At)E(t) — ¢(z*,1)
Hence, the fourth order numerical scheme is applied to solve the problem
(3.5.10)-(3.5.13).

The domain [0, 1] x [0,7] is divided into an M x N mesh with the spatial

step size h = ﬁ in x direction and the time step size At = %, respectively.

Grid points (z;,t;) are defined by

zi=i%h, i=012 .M, (3.5.14)
ta=nxAt, n=0,1,2 .., N, (3.5.15)

in which M and N are integers. The notations u] and a™ are used to denote
the finite difference approximations of u(i * h,n * At) and a(n x At), respec-
tively.

First, by applying forward time centered space to equations (3.5.10)-(3.5.13).

So, we have

n+tl _ ,n

O Vg1 —Vip Y v;
ot At At
and o2 )
v (% n — 4Uin + Vi—1n
_ +1, 5 1, + O(h)

ox? (Ax)?

vty — 20 + UL
= il s L+ O(h).
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Hence, we obtain

n+l /

i v}’ _ E(t,) — Atn) E(tn) — o(2”, t,)
At h2v(z*,t,,)

(Y

(V71 =207+ )+ () 0] + P (24, L)

(3.5.16)
Now, by applying backward-time centered space to problem (3.5.10)-(3.5.13)
we obtain the same result as in (3.5.16) except that the spatial derivative on
the right hand side are evaluated at time step n + 1.

Simply from the average of the explicit and implicit finite difference schemes
obtained above we get the Crank Nicolson algorithm

UTLJrl — P 1 Qn—l—l Qn
) i = 52 n+1 52 n A tn n+l
At 2[h2v(m*,tn+1) A DS R (el

where Q" = E'(t,) — Mtn)E(t,) — ¢(z*, t,) and 82v; = vy — 20; + vi_1.

Using the fourth-order Pade approximation to approximate 2 in (3.5.10)

82
we get
Un+1 _ Un 1 n+1 62 n 52
: ==l 2 Q* $52 U?H 2 Q* $52 U?"‘)‘(th)U?H"‘
At 2hv(m,tn+1)1+ﬁ hv(x,tn)1+1_a§

where this formula is second-order accurate in time but fourth-order accurate
in space.

Applying 1 + % to both sides of (3.5.18), we obtain the following scheme

Atpi1)At 52 AtQ™M Atn)At 52 AtQ™

= M ) T gy 0 = (O =y D ) g gy el
A 52

The term v(x*,t) is not explicitly defined in (3.5.19) therefore a fourth-order
linear approximation to v(z*,t) is developed .
Hence, there are four different cases depending on the location of x*.
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casel:

case2:

cased:

cased:

and v(z*,t,) = vl

n+1
i i

¥ =ux; forsome 1 <i < M — 1, v(z*, tpy1) =0
If z* € (xg,x1), then 2* = g — ah for some o € (0,1) and v(x*,t) is
approximated as

v(z*,t) = av(xo, t) + cov(xr, t) + czv(wa, t) + cav(as, t),  (3.5.20)

where c¢1, 9, c3 and ¢4 are coefficients to be determined.

By expanding v(z;,t) at x* by Taylor series for i = 0, 1,2, 3 and substi-
tuting these Taylor series in (3.5.16) and then matching the coefficients
of v(x*,t), v(2*, 1), vee(z*,t) and vy, (2*,t) on both sides of (3.5.16)
a linear algebraic system is obtained and it’s solution yields the coeffi-
cients from ¢; to ¢4.

If 2* € (xpr-1,xpr), the same method as case 2 can be used.

If x; < x* < xp;_1, then there exists an integer [ such that z* €
(21, x141) and both x; and x4, are interior grid points, so * = z; + ah
for some a € (0, 1), then the linear approximation to v(z*,t) is given
as

v(z",t) = av(e_, t) + cov(ag, t) + csv(@pga, t) + cav(@pge, t), (3.5.21)

then by expanding v(z;_1,t), v(zy,t), v(x;1,t) and v(z40,t) at © = z*
by Taylor series and substituting these Taylor series in (3.5.17), the
coefficients ¢;, ¢y, c3 and ¢4 are obtained.

Finally, it remains to solve u(z,t) from v(x,t) for a given ¢ and this can be
done by solving the following boundary value problem

Ugz (2, t) = v(2,t), z € (0,1)

U(O,t) = gﬂ(t)a
u(l,t) = gi(t).

Simply, the above problem can be solved using the following finite difference
scheme

o2up
==, 1SiSM-1n>1,

Ug = gO(tn)a n 2 17
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uy = g1(tn), n>1,
where v!" is the numerical solution of (3.5.19).

The above scheme is second-order accurate. It can be enhanced to obtain
fourth-order accuracy by applying Pade approximation to u,,, then we have

52
2
h%(1 + %)

n__.n
U; =Yy,

Applying 1 + % to both sides of the above equation, we obtain the following
fourth-order scheme

up = 2w +uly = AP, +10v +0ry), 1<i<M-—1,n>1,

7

with boundary conditions uf = go(t,) and u}; = g1(t,).
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Chapter 4

Inverse parabolic problems
with discontinuous principal
coefficient

4.1 Discontinuous principal coefficient

All the results related to uniqueness and stability of inverse parabolic prob-
lems that have been described in chapter two are applicable only to contin-
uous coefficients of the principal part of an equation in divergent form.

Here in this section we consider the discontinuous coefficient a = a® + by (Q*)
where a°; b are C?—smooth functions and x(Q*) is the characteristic function
of the unknown domain Q*.

We will describe uniqueness results for time-independent and time-dependent
Q* with given one or many lateral boundary measurements.

In the next theorem I' is any open subset of the hyperplane x, = 0 and
(2 is the half-space {z,, < 0} in R™.

The following theorem formulate the uniqueness result for domains QQ* inde-
pendent of time.

Theorem 4.1.1. [1] Let a® = 1, and Q* = D x (0,T), where D is a bounded
Lipschitz x,-convex domain in the half-space {z,, < 0}, n > 2, intersecting
the strip I' x R_.

Assume that k is known constant and —1 < k < 0. Let the Dirichlet lateral
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data g(x,t) be g°(x)(t), where ¢ corresponds via
2
—T

u(z,t) = 2(27t) 2 / exp(—— )u*(z, 7)dr,
; 4t
to a function *(7) that is positive as well as it’s first-order derivative on
some interval (0,€), [1bo(T)] < Cexp(CT) and go =1 on T, go € C2(09Q).
Let w be a solution to the parabolic problem (2.0.1)-(2.0.3) with a = a° +
bx(Q*) and with ag=1,b=0, c =0, ug = 0.
Then
ou

70 " I' x (0,7),

uniquely determines D.

Consider the second-order parabolic equation with discontinuous princi-
pal coefficient:

% —div(ajVu;) =0 in Q=Qx(0,7), (4.1.1)

with the initial and boundary conditions
u=0 on Qx{0}, (4.1.2)
u; =g on S=00x(0,T), (4.1.3)

when % is given for all (regular) g.

Here 2 is a bounded domain in R", n > 2, with the boundary 99 € C?.

We are interested in finding an open set (); and a function b; for this problem
where a; = ag + x(Q;)b; > € >0, b; # 0 on 0Q);.

It’s well known that for any g € C*%(S), g = g, = gu = 0 on 9Q x {0_},
there is a unique (generalized) solution wu; of this problem and u; € CMQ)
for some A € (0,1), V,u; € Ly(Q), and € C(Q\Q;).

We will review the proof of uniqueness of discontinuous coefficient a; =
ap+b;x (@), where x(Q7) is the characteristic function of an open set Q% C @
with the Lipschitz lateral boundary 0,Q7 changing with time and ag = ag(z)

and b; = b;(z) are respectively, given and unknown C?(Q2)—functions.

In the next theorem T’y is 922 By for some ball By centered at a point
of 0f).
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Theorem 4.1.2. [7] Suppose Q1 and Q2 are open z-Lipschitz sets, QQ; C
Qx (=T,2T), and

the sets (Q\Q;) ﬂ{t =T} are connected when 0 <7 <T.  (4.1.4)

If solutions u; to the initial-boundary value problems (4.1.1), (4.1.2), and
(4.1.3) satisfy the equality

8u1 . 8u2 .
B = B on Ty x (0,T) (vis anormal), (4.1.5)

for all g € C%*(0Q x [0,T]) with suppg C Ty x (0,T), then
a; =as on Q. (4.1.6)

This result guarantees uniqueness of reconstruction of @); from all possi-
ble lateral measurements for an arbitrary 7" > 0.

Before proving theorem (4.1.2) we need to obtain some auxiliary relations
which well be used in it’s proof.

Denote by Qs; the connected components of the open set Q\ (Q1; | Q2:) whose
boundary contains I'y. Here Qo is Q;({t = 0}, j = 1,2. Let Q3 = (JQa
over 0 <t < T and let Q4 = Q\Qs.

lemma 4.1.1. [7] Under the conditions of theorem (4.1.2) we have the fol-
lowing orthogonality relations:

/ b1 Vu1.Vus dxdt :/ byVu.Vus dxdt, (4.1.7)
1 2

for all solutions vy to equation (4.1.1)(j = 1) near Q4 that are 0 when t < 0
and solutions u3 to the adjoint equation %2 + div(azVus) = 0 near Q4 that
are 0 whent > T.

Proof. From well-known results about regularity of solutions to the Dirichlet
problem (4.1.1), (4.1.2) it follows that u; € C*'(Q3) and in H*'(Q5), where
Qs =V x (0,7) and V is a vicinity of 9 in .

Due to conditions (4.1.3) and (4.1.1), both u; and us have the same Cauchy
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data on I’y x (0,7") and satisfy the same parabolic equation in @3; thus from
uniqueness of continuation for second-order parabolic equations, we conclude
that u; and wuy coincide on Q).

Letting © = uy — uy and subtracting the equations (4.1.1) with j = 1 from
those with j = 2, we get

div((ap + bax(Q2))Vu) — % = div((bix(Q1) — bax(Q2))Vuy) in Q. (4.1.8)

Now using the definition of a weak solution to the parabolic equation (4.1.8)
we obtain

/ ((a0+b2(Qe) VitV ) ddt = / (b (@) —bsx(Q2)) Vi Vb dard,
Q Q

(4.1.9)
for all test functions ¢ from Hy'(Q) that are equal zero on Q x {T'}.

Since u and x(Q;) are zero outside @4, this relation remains valid for any
function ¢ from HY(Qs), where Q5 is an arbitrary vicinity of Q.

Now integrating the left side of (4.1.9) by parts with respect to t and us-
ing that ¥(,T) = 0 we get

O
/Q(ao + bax(Q2))Vu. Vi) — /Q S (4.1.10)

Using the definition of a weak solution to the adjoint equation in lemma
(4.1.1) with the test function u (which is zero outside Q4 [{t < T'})we obtain

*

/((ao + bax(Q2))Vus.Vu + aa%u) = 0. (4.1.11)
Q t

If v = u} is a solution to this adjoint equation, then we conclude from (4.1.10)
and (4.1.11) that the left side in (4.1.9) is zero.
Thus, we have

/ by Vuy . Vus, dxdt :/ baVuy . Vus, dxdt. (4.1.12)

The final relation can be obtained by using the approximation of v; by wu;.
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Now by using the Runge property, equality (4.1.7) can be extended onto
all v; solving equation (4.1.1) with j = 1 near @, and satisfying the initial
condition (4.1.2). Denote the space of such v; by X. Letting X; be the space
of solutions to the Dirichlet problem (4.1.1)-(4.1.3) with j = 1 for various g
supported in I'g x (0, 7).

Let u; € X then it’s sufficient to prove that solutions in X; approximate in
Ly(Q4) any solution from X.

Indeed, let vy € X. Then we can approximate it similarly by solutions
from X in Lo(Q7), where @7 is a Lipschitz domain containing @4 with
dis(0,Q7,Q4) > 0. From the well-known interior Schauder-type estimates
for parabolic equations, it follows that these solutions from X; well approx-
imate vy in H2°(Qy).

To prove Lo approximation in view of the Hahn-Banach theorem, it’s suffi-
cient to show that if f from the dual space Ly(Q4) is orthogonal to X, then
f is orthogonal to X.

Let Qg be a Lipschitz bounded domain containing 2 that is not equal to
Q2 but such that 9Q\I'y C 0. Let K(x,t;y,s) be the Green’s function of
the Dirichlet problem for the operator 2 + div(a;V) in Qg x (0,T). Let f
be orthogonal to X;.

The Green potential

Ulx,t; f) = | fK(x,t;), (4.1.13)
Q4

is equal to zero on Qo\Q4 because the function u; = K (x,t;) belongs to X if
(z,t) € Qo\Q4. The last function U(z) is the volume potential with density
J supported in (4, so it is a solution to the equation —div(_aoVu) = %—7; on
Qo\Q4. Since it is zero on Qu\Q4 and ag belongs to C1(Qy), we can use

uniqueness of the continuation and conclude that U(; f) = 0 on Qo\Qs.

Now let v € X; then v is a solution to the homogeneous equation near
Q5 J 0:Q4, where Q5 is an open set with C'* lateral boundary and dis(0,Qs, 0,Q4) >
0.
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Using the representation of v by a single layer potential, we obtain

v(y,S)Z/aQ 9K (;y,s)dl,

for some g € C(0,Qs).
By using this representation, (4.1.13), and Fubini’s theorem, we obtain

Ju 0= g 0 =0

because U(; f) = 0 on 0,Q5.

So, if f =0 on Xy, then f =0 on X, and so X; is dense in X.
Accordingly, relation(4.1.7) is valid for any v; satisfying the conditions of
lemma (4.1.1). O

Returning to the proof of theorem (4.1.2).

First we will show that Q1 = (). Assume the opposite: (1 is not con-
tained in (). By using condition (4.1.4) of theorem (4.1.2) we can find a
point (zg,ty) € 9Q1\Q2 such that (zg,ty) € 9,Q3. We may assume that
this point is the origin. Choose the ball B so that it’s closure is contained
in Q and a cylinder Z = B x (0,7) such that Z doesn’t intersect Q,, and
(0.Q1) (N Z is a Lipschitz surface. By the extension theorem there is a func-
tion az € C?(Q; |J Z) that agrees with a; on Q1. Extend a3 onto Q\Q; |J Z
as ag.

To complete the proof we need the following modification of the orthogonality
relations (4.1.7).

lemma 4.1.2. [7] Under the conditions of lemma (4.1.1),

/ b1Vu3Vu§ = / bgVUg.VU;,

for any solution us to the parabolic equation

% —div(agVus) =0 near Qy,

ug =0 when t <0,

and for any solution u} to the parabolic equation from lemma (4.1.1).
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Proof. Consider uz and let Qg be an open set with C*°—boundary 0,(Q)s and
Q4 C Qg with dis(0,Qs,Q4) > 0 such that uz is a solution to the equation

% — div(azVuz) = 0 near Q.

Introduce a sequence of open sets (4, such that

1)Q4k\Z - Q4\Za
ii)the (Hausdorff) distance from 0Quy to 8,Qy is less than 1,
iii)0,Qux [ Z doesn’t intersect Q4.

Define a coefficient agy, as az on Qs\(Q4x\Q4) and as ag on Qi \ Q4.

Since 0Q4 () Z is a lipschitz surface, we have

lim meas,{asr # az} =0, (4.1.14)

k——+o00

where meas,, stands for the n-dimensional Lebesgue measure.
Let ug; be solutions to the initial boundary value problems:

Ousy,
ot

— div(asVusg) =0 in Qs,
uge = uz on 0,Qs,

usy =0 on Qg ﬂ{t =0}.

Since as, = ag + x(Q1)b1 near Qy, relation (4.1.7) is valid for any u; = ug.
Subtracting the equations (4.1.1) with j = 3 from those with j = 3k we get

%(u% — ug) — div[azpVus, — asVus] = 0.
Adding and subtracting the term as,Vus we have
%(u% — ug) — div[azpVugy — agrVus + ag,Vusz — azVug] = 0.
Letting uy = usp — us we get
% — div[agVug + (asx — az)Vus] = 0.
Then the difference u;, = us, — us satisfies the equation

% - div<a3kVUk) = di’l}((@gk — a3>VU3) n Q8~
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Now both us; and ug coincide on the lateral boundary of QJg and when ¢ = 0,
hence ux = 0 on 0Qs ({t < T'}.
So, we have the Dirichlet problems

0
Gk _ div(azVuy) = div(asy — a3)Vug in Qs,

ot
up, =0 on 0Qs ﬂ{t <T}.

From the definition of a weak solution to this initial boundary value problem
with the test function u; we have

—/ anguk.Vuk —/ UktU = —/ (a3 — agk)Vu;J,Vuk.

Now, integrating by parts with respect to t, we obtain

/8uktuk:/quk(,T)uk(,T)—uk(,O)uk(,O)—/QS .

2/ uktuk—/ ui(,T).
8 8

/ UptU = / ui
8 Qs N{t=T7%
Finally, we obtain

1
/ as V. Vuy, + 5/ up = / (ag — agr)Vus.Vug.
8 Qs N{t=T}%} 8

According to the assumption about a; we have az, > € for some ¢ > 0
therefore the second integral on the left can be dropped.

Now, using the relation z.y < o z|* + 5 ly|* and holder inequality the right
side of the above integral is bounded as follow

So,

N —

€
/ G‘VUMQ § C(E)/ \ag—a3k|2]VU3|2+§ |VU1€‘2 (4.1.15)
8 Qs Qs

Since Vug belongs to Ly(Qs), we conclude from (4.1.14) that the first inte-
gral in the right side in (4.1.15) tends to 0. Therefore, Vuy converges to 0 in
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Ly (Qs).

Putting v, = usx = uz + uy into (4.1.7) we have

/ b1V (ug + up)Vuy dedt = / boV (us + ug)Vuy dzdt.

1 2

Letting k — oo, we get
/ by VusVus dxdt :/ baVusVus dzdt.
1 2

O

To obtain a contradiction with the assumption (); # (), the solutions
us and uj with singularities outside ()4 can be used. To simplify obtaining
bounds on the integrals of such solution it is convenient to use new variables.
We can assume that the direction e,, of the x,-axis coincides with the interior
unit normal to 0,Q1 ({t = 0}.

This surface near the origin is the graph of a Lipschitz function x,, = ¢y (z1, ..., 1, 1)
which can be assumed to be defined and Lipschitz on the whole R™.

The substitution
rp=xa5, k=1,..,n—-1 x,=a, +q(z3,...,z,_{,t), t=1,

transforms the equations (4.1.1) into similar ones with additional first-order
differentiation with respect to x; multiplied by a Lipschitz function of ¢.
The domains (); are transformed into domains with similar properties and
with the additional property that the points (0,¢), 0 < t < T, belong to 0,Q;.

Since the (hyper) plane {z} = 0} is tangent to this surface at the origin,
we can find a cone C = {)% - en) < 0, |z*| < €} such that the cylinder
C x (0,7) is inside Q1. Henceforth, we drop the sign .

Let Kt be the fundamental solution of the Cauchy problem for the forward
parabolic equation

ou ,
3_753 — div(azVuz) =0,
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and let K~ be the fundamental solution of the backward Cauchy problem
for the backward parabolic equation

ou ,
8_752 + div(aaVuy) =0,

with coefficients a3z and ay with poles at the points (y,0), (y,7), where y is
outside ()4 and is close to the origin.

The singular(fundamental) solutions to be used have the following structure
Kt=K!/+K, K =K +K;, (4.1.16)

where K" and K, are the principal parts of K™ K~ and K{ and K are
the remainders with weaker singularities.

The principal parts are

gty T) = c oxc —’37—3/’2
R [ E e =
Ky (z,tyy,7) = ¢ exp e —yf ). (4.1.17)

From the known bounds of fundamental solutions of parabolic equations,
we have

2
VoK (2, ty,7)| < Ot — 1) F exp( ey,

(C{t=7))

_ — |z —y|?

|VZK0’(33, t;y, T)| <C(r—1t)7 exp(m). (4.1.18)

When (y,0) and (y, 7) are outside @1, the functions K*(;y,0) and K~ (;y, 7)
are (x,t)—solutions to the homogeneous parabolic equations with bounded
measurable coefficients satisfying zero initial and final conditions.

Letting u3 = K*(;4,0) and uj = K~ (;y,7) in lemma (4.1.2) we get

/ blvxK+(ay>O)vxK_(ay77_) = / bZVIK+(ﬂy70)VxK_<1yaT)

2
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Breaking the integration domain 1 into ¢ () Z and it’s complement and
using that Q1\Z = Q1) Z we obtain

/ bWV.K"(;y,0).V.K Gy, 7) + / bWV K" (;y,0).V. K~ (y,7) =
QiNZ Q1\Z

/ b2V K*(;4,0).Vo. K~ 5y, 7).
Q2

Then,

/ WV K" (;4,0).V. K (;y,7) = —/ b VoK (5y,0).V, K~ (;y,7)
QiNZz Q1\Z

+/ by V. K" (;y,0).V. K (;y,7). (4.1.19)

From the estimates in (4.1.18) and similar estimates for VK" and VK| , we
conclude that the integrands are bounded by an integrable function uniformly
with respect to y outside );.

By the Lebesgue dominated-convergence theorem, we may let y — 0 and
replace y in (4.1.19) by 0 (the integrals became functions of 7 only). Using
representation (4.1.16), we obtain from (4.1.19) that

L] < || + |15, (4.1.20)

where

I, = / V. K{(;0,0).V.K;{(;0,7),
Nz

I, = —/ blvxK+(;0,0).VxK_(;O,T)+/ bV, K*(;0,0).V. K (;0,7),
Q1\Z

2

and

13:/ b (VoK 0,00V, Ko (0, 1)LV K (0, 0).V. K (: 0, 1)+ Vo Ko (:0,0). K (, 0: 7).
Nz
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lemma 4.1.3. [7] We have

—1_—n Enf _42
c'r /p Lexp(—2) < |1y,
0 mT

L] < Cratte? exp(5-),

I3] < Cer 2,

where the constant M depends only on the upper bounds of as, ag over (@),
the constant C' doesn’t depend on T, and the constant m depends only on the
lower bounds of as, ag over Q).

Proof. Consider Iy = [, ~, 01 VoK (;0,0). V. K7y (;0, 7)dwdt.
Using the fact that b;(0) # 0 and choosing € in the definition of C to be
sufficiently small, we obtain

1
|1, > 6/ V. K (z,t;0,0)V. K (,t;0,7)dxdt,
Cx(0,7)

- C |$|2 ’ ex _ |:v|2 x
= / / 2+1 )t> (r — t)%-i—l p(ao(fb)(T — t))d dt,

o o’
> C// Y 1exp(mt(7__t))dtdx.

Using the inequality

1 1 2
< Z
tr — t(r—t) ~ tr

when O<t<%,

we bound from below the integral shown above by

[ —2|9C|2
—// 2+1 - )dtdx,

: | —2| ’
C7'2+1// T exp( — )dtdz.
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Letting w = ‘ | , then t = and hence dt = 2|x| dw.

2
Now, when ¢ — 0 then w — oo and when ¢t = 7 then w = %.

Substituting in the last integral, we get

1 o0 z|? 2 |z|?
o , |2 | —. | |2 exp(—w)dwdz,
Cr2 ¢ J 4zl (2\x| )2+1 muw

1 > —n+2 n_
B c#l/c / 217w exp(—w)dwds.

-1

The function w2~" is increasing, so replacing it by it’s minimal value at

w = 4%, we bound the integral shown above from below by

1 * —n+2 4’x‘2 L |
> W/C/W || (F)Q exp(—w)dwdz,

CT2 /LW e exp(—w)dwdz,
C”// pexp w)dwdz,
T 4|z

/e ( 4|x’2)dx
X )
C’T” c p mr

Using polar coordinates we get

—4p2

mT

1] > 0‘17‘”/ Pt exp( ),
0

I consists of two integrals. Thus we have

Iy = Iy + I,
]21 :/ b1VK+VK7,
Qi1\Z

and it’s bounded above by

c / / IV, K*(;0,0).V,K(:0,7)]
e<|z|<R JO
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2 1 — |x|27
< C’/ / —— exp dtdzx.
e<|z|<R JO ((r— t)t)§+1 (Mt(T - t))

Using that

||

(t—71)z*! eXp(4(t —7)

Then, we have

M =2M.
/e<|z|<R/ (1 —t)t 3% (Mt(T—t))

Using the inequality

1 1 2 T
— < < — when 0<t < —.
tr — (t—7)t tr 2

The last integral is bounded by

¢ R i
n, 1 / / nil exp( i )dtdz.
7272 Je<lz|l<r Jo 1272 t

Letting w = Ir\ , then ¢t = |x| and dt = M‘TU'Q

After we use thls substltutlon we obtain

C 1 o n_1 _1
< — — w2 w2 exp(—w)dw.
’7'%—"_5 e<|z|<R <|I’)n ! 2|1|2

The function w2 is decreasing. Replacing it by it’s value at 2%
the inequality w2 ' exp(—w) < C'exp(—%) we obtain

C / 1 /°° 2 |z|? w
< — 2eXp ——)dwdz,
P can TP Jage o) P

<

and using

3 Q
—
8=
=
g\
EX.
D
b
=3
|
45
QA
g
QL
kS

e<|z|<R

/ 1 e p(_ |x|2)dx
X )
e<|z|<R (|x‘)n Mt

|Q

0|3

T
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Using the polar coordinates in R, we get
c [ 0
< = -n dp,
_72/61)/) eXp(M)p
¢ [= 1 _P2
= — - _rr d ,
) ey
C ] 2
— [ ppexp(— —)dp,
T2 J.
C1 —p?
<
S pexp(MT)dp,
C1 (—62)
= —F—=T1exp(=—),
T2 62 b M
C 1 —e?
= e )
So,
C 1 —€?
L < ——= —
5] < 721 €2 eXp(MT)

The other term can be bounded in a similar way
It remains to prove the last inequality, hence we start by

¢ — ||

= 0/ / =i )- - eXp Ydtdz.

|z|<e (aj)t (7— _ t>§ (C< )
Replacing |z| by some power of (t — 7), we get
o) _C ~ Jaf*
<C/ / P : - exp(—=————)dtdz,
I A== S i ey e o)
’ ‘ )dtdz,

(71— )t)" 577 exp(~—————
!93\2
)dtdx,

_C’/ /2 —t~ 2exp(
|z|<e JO (7_ 2 Mt
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o
. t dtd
<[t

Using the substitution w = %, the last integral is bounded above by

C o —n+1 n__3
= — || w22 exp(—w)dwdz,
T2 Jiz|<e L;f

o0
= |:1:|_”+1/ wi w2 exp(—w)dwdz.
T2 Jz|<e %

The function w

is decreasing. Replacing it by it’s value at 2‘“5' and using
the inequality w

Yexp(—w) < Cexp(5) we obtain

_1

2
n
2

C —n4+1 & 2|IL'|
R 7 A ) 26Xp<_§)dwd‘r
T|<e Mr

C / o=l
<= 2 " exp( S ) da
75_% |z|<e M
Using polar coordinates, we obtain

C € 2
T e dp,
TQQ/OPP Xp(M)p

¢ 1/6 (_p2)
= —>= ex
ate | PP

<

C 1 —é?
< —(1—exp(—)).
~ 133 62( eXp(MT))
The other terms can be bounded in a similar way:.
The proof is complete. n

To complete the proof of theorem (4.1.2) we let

e = ET, (4.1.21)
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where(the large constant) E will be chosen later. From lemma (4.1.3) we

have . 42
L] > 0‘17‘"/ P exp(—2
0

) dp.

mT

SIS

Let w = 42 = (mrw)

mr 4

=p=>dw= %dep.

By substituting in the above integral we get

4B
n

|| > C_lT;/m w2 Lexp(—w) dw > C1r73.
0

From lemma (4.1.3) we have

) "
Ll + || < OO EHe 2 exp(—) +erH),

n _E n
= O(r 2t ? exp(ﬁ) +er2).

But, |I1] < |I2| + |I3], then from (4.1.22) we have

n

n n E
Clr7e < || < L]+ |3 < C(r 2 e 2exp(——) +er 2).

M
So,

n n _E n
Clrz <C(r72te? exp(ﬁ) +er2).

Using (4.1.21) again and multiplying both sides by C'73, we obtain

1< C?(re? exp(;W—E) +6) <C*E +o).

Now choose E so large that £~ < ﬁ and € < ﬁ then

C*(E ' +¢) <

N | —

Hence we obtain a contradiction 1 < %
The contradiction shows that Q7 # @5 is wrong, so Q1 = Q».

(4.1.22)
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4.2 Regularization

In general, regularization is the approximation of an ill-posed problem by a
family of neighbouring well-posed problems.

Also, regularization in mathematics refers to a process of introducing ad-
ditional information in order to solve an ill-posed problem.

Many problems in the physical science can be expressed as mathematical
models consisting of a linear system of equation such as

Az =1b (4.2.1)

The inverse problem associated with this model is to compute the input x
given some output b and the known model.

We want to approximate the best approximate-solution zf = A'b (4.2.1)
for a specific right-hand side b in the situation that the exact data b are not
known, but that only an approximate b° with Hb‘S — bH is available; we call
b® the noisy data and & the noise level.

We are looking for some approximate say x° of x7 which has two property:
one it depends continuously on the (noisy) data b°, and the other one is that
2° tends to z' as the noise level § decreases to zero and the regularization
parameter « is chosen appropriately.

The choice rule of the regularization parameter o has to be linked with ¢
or b’ and may be with other information about A or about.

Definition 4.2.1. [20] Let A: X — Y be abounded linear operator between
the Hilbert spaces X and Y, ap € (0,00]. For every ag € (0,00], let R, :
Y — X be a continuous (not necessarily linear) operator. The family R,
is called a regularization operator(for A'), if for all y € D(AT), there exists
a parameter choice rule o = a(8,b°) such that

5li_r>n0 sup{{ }Ra(é,b‘s) — b‘SH \b’ €Y, |

v —b|| <6} =0, (4.2.2)
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holds. Here o : RT x Y — (0, ) is such that

lim sup{a(d,b°)\t° € Y, |
d—0

B —b|| < b} =0. (4.2.3)
For a specificy € D(A"), a pair (R,, @) is called a (convergent) regularization
method (for solving Az =b) if (4.2.3)hold.

One of the most important regularization types is the Tikhonov Regular-
ization where in this method the minimization problem

min{[|Az — ||},
is replaced by the least squares problem

. 2 2
min{[[Az = b|" + || Laz[|"},

where L, € R¥™" Lk < n, is called the regularization matrix. The simplest
form of Tikhonov regularization takes L, = al for some constant «. This
choice of « gives us the minimization problem

. _ 2 2 2
min{[|Az = b|]" + o~ [[2[[}-

4.3 Numerical solution for an inverse diffu-
sion problem

In many applications, such as the heat conduction and hydrology, there is
a need to recover the (possibly discontinuous ) diffusion coefficient a from
boundary measurements of solutions of a parabolic equation.

In this section a numerical solution for the nonlinear ill-posed diffusion prob-
lem is presented.

Consider the inverse problem of finding the pair (u, a) for the Cauchy problem

ou . *

5 div(a~y u) =0(x —x)d(t) on R"x (0,7), (4.3.1)
u=0 on R"x{0}, (4.3.2)

where a = a(x) is bounded and measurable, u is bounded and § is the Dirac
delta function.
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Assume that a = 1 + f, where f = 0 outside a bounded region 2 C R”"
with piecewise C2- smooth boundary 9€2. As additional data the solution
u(z,t;x*) given for z, z* € Q* t € (0,7) is considered. Here Q* is a
bounded domain in R™ where Q* (N Q = ¢.

In solving (4.3.1)-(4.3.2) we have two difficulties to overcome:(1) nonlinearity
which can be removed by replacing the original problem by it’s linearization
around constant coefficient. (2) ill-posedness: Due to illposedness the in-
verse problem (4.3.1)-(4.3.2) is not easy and it’s numerical solution is possi-
ble mostly in one and two dimensional cases.

In this section C' will denote (possibly) different constants depending only on
n, 2, and T. v denotes the exterior unit normal to the boundary, || ||, (£)the
norm in L,(E) and @ = R" x (0,7).

Before we give a numerical solution for the problem (4.3.1)-(4.3.2), we start
by linearizing it. Assume that « = 1 4+ f, f = 0 in R"\Q, where

1l () < e

Let ue be the solution to (4.3.1), (4.3.2). Put v = u. — ug and substitute for
ue in (4.3.1), (4.3.2), we get

(uor +ver) — div((1 + )V (ve +ug)) = 0(x —2")6(t) on @,
ve=0 on R"x{0}.
By simplifying the above equation we get:
ot Vet — Ave— Aug—div(fVoe) —div(fVug) = 6(x—x*)d(t) on Q, (4.3.3)
ve=0 on R"x{0}. (4.3.4)
Let ug be the solution of the unperturbed problem:
g — Dug = d(x — 2")6(t) on Q, (4.3.5)

u =0 on R"x{0}. (4.3.6)

Then
Ve — Dve = div(fVv.) + div(fVu) on Q, (4.3.7)
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ve=0 on R"x{0}. (4.3.8)

We will show that for small € the term div(fVwv,) is small relative to the term
div(fVug). By dropping it we get the linearized equation

vy — Av = div(fVuy) on Q, (4.3.9)
v=0 on R"x{0}. (4.3.10)

The notation in [21] |u| = esssup ||u(, t)|], () + ||Vsul|, (@), where the sup
is taken over 0 <t < T will be used.

lemma 4.3.1. 8] Let ||f]|, () <e Then |v| < Ce and |[v—v|| < Ce.
Proof. Subtracting (4.3.5), (4.3.6) from (4.3.3), (4.3.4), we get
Vg — div(aVue) = div(fVug) on Q,
ve=0 on R" x{0}.

It’s well known that the solution uy to the problem (4.3.5), (4.3.6) is given
by the formula

1 o (_|a:* —:L"Q)
T EA T T

Since z* € QF, ug is smooth and continuous on Q x [0, 77, so

1/ Vuolly (@) < TSl () < Ce.

Using [21, Theorem2.1, p.143](where 9o = 0, f = 0, f; have to be replaced
by F220), we get

uo(x, t) =

vl < CIf v uoll, (Q) < Ce.
Now subtracting (4.3.9), (4.3.10) from (4.3.7), (4.3.8), we get
(ve —v)r — V(ve —v) = div(fVv.) on R"x (0,7),
ve—v=0 on R"x{0}.
Using the same theorem from [21] we obtain
lve = vl] < ClIf Vel (Q) < C€.

We know that
v —ve| > [(Jv| = [ve])],

then
0] < |ve| + [v —ve| < Ce.

The proof is complete. O
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If f is a C?-smooth compactly supported function, then an integral rep-
resentation of a solution to the Cauchy problem (4.3.9), (4.3.10)is given by

v(x,t) :/0 /n D(x, t;y, 7)div(fVuo(y, 7))dydr,

where

1 ex (_ ‘x_y‘z
dn(t—71)% PVAE—r)

Dz, t;y,7) = ), eR" t>7.  (4.3.11)

is a fundamental solution of the heat equation.
Integrating by parts we obtain

t
- / Fy 7)Y, T, £ 9. 7).V oy, 7)dydr.
0 Rn

Now, using the formula (4.3.11) for I and the formula

* 2
uo(y, 7) = (47:7_); exp(— |$4T— Yl ).
We obtain the following integral representation
(@ —y) —lr—yl’ |-yl
v(z, t;x” 4n+17rn/ / ))%H exp( =) — ym Ydydr.
(4.3.12)

To reduce the overdeterminancy of the inverse problem, put x = z* and
t = T. Hence, the linearized inverse problem is to find a function f € L ()
given the function F(x*) = v(z*, T;z*), z* € Q.

From representation (4.3.12), this inverse problem is equivalent to the fol-
lowing integral equation

Af(x) = F(z), z=€Q, (4.3.13)
where Af(z fQ f(y)dy, and the kernel k is defined as
-1 7 || — =T
k(x) = / — €X dr. 4.3.14
=3y ), v -y P (4.3.14)

A is considered as an operator from Ly(Q2) into Lo(Q*).
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Equation (4.3.13) is a Fredholm integral equation of the first kind, which
represents an (strongly) ill-posed problem because A maps any Sobolev space

Hy(Q) (with positive or negative k) into the space of functions analytic in a
neighborhood of 2*.

To solve the ill-posed problem (4.3.13), the Tikhonov regularization will be
used.
First, we need to replace the original equation (4.3.13) by the following one

(al + A*A) fo = F7, (4.3.15)
where F* = A*F and « is a regularization parameter.
Then, discretizing the regularized normal equation (4.3.15) and solving it

numerically.
To find A* : Ly(2*) — Lo(2), we have

(Ad, ) o0y = (&, A™Y) Ly ()
So

(A" f)(

|95—y| lz —y>T
dudr, y € Q)
4(dm)" / / T )E Py v €

and we will have
* . ; 12 12 o _
(AANG) = w10 ly= =P o = o Kla—2. T) K (y==. Ty

where
\xfz\QT)

Texp%
K(:U—z,T)—/ ﬂdr
0

n+2

(r(T'— 7)) 2
We start with one-dimensional problem with Q = [0,1], Q* = [2,3], T' = 1.
So

Iy Z\ |z—z?

! exp(4(1—7)’r)
A*Af) — — ——d —— _drdydz.
( D 167T / / TWly Z| = Zl / 1—7' % 7—/0 (7(1—7'))% ravaes

Discretizing by the trapezoid method we get

n ly; =zl )

XP(F1 7y
(A% AL ) () szy, = 2l | — 2 (O ——)

3
=1 j=1 m=1 (Tm(l _Tm))2

w(7m))
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" exp( 4('?5,,25)'; ) N
(mzl ol — )3 (7)) w () w ().
Put
B(i,j, k) = L_sy ly; — 2’ |z —z'IQ(i eXP(ZL(lfJ;:)'Tm)w(T )
7 (167T>2 i=1 j=1 o l o 1 (T (1 _Tm))% "
" ex |$k—2’i|2
Q> p(““‘Wm; w(r) (i),

m=1 (Tm<1 - Tm))

Hence, we have
(A®ATf) (@1) = B(1,1,1) f(y)+B(1,2,1) f (y2)+B(1, 3,1) f (y3) +..+B(1,n, 1) f (yn)

) =
+B(2,1,1) f(y1)+B(2,2,1) f(y2)+B(2,3,1) f (y3)+...+ B(2,n, 1) f (y,)
B(n, 1, 1) f(y)+B(n,2,1) f(y2)+B(n,3,1) f (ys)+...+B(n,n, 1) f (yn).
)
(2,

+

(A% AL (25) = B(1,1,2) f(y1)+B(1,2,2) f(y2)+B(1,3,2) f(y3)+..+B(1,1,2) f (1)
+B 2,1 2)f<y1>+B(2 27 2)f(3/2>+B(2? 37 Q)f(y3)+“'+B<27 T, Q)f(yn)
+B(n,1,2) f(y1)+B(n,2,2) f(y2)+B(n,3,2) f(ys)+...+B(n,n,2) f (yn)-

We continue until we get k = n, then we have
(Ad*Adfd)(xN> = B(17 L n)f(y1)+B(17 2, n)f(y2)+B(1> 3, n)f(y3)+‘“+B(1v n, n)f(yn>

+B(2’ 1’ n)f<y1)+B(27 2’ n)f(y2)+B(27 3’ n)f(y3)+"'+B(2’ n, n)f(ZUN)
+B<nv 1’ n)f(y1)+B(n7 27 n)f(yQ)_l_B(n’ 37 n)f(y3)+"'+B(n’ n, n)f(yN)

So,
-(Ad*Adfd)(ﬂfl)-
(Ad*Adfd)(xg)

(A% AL ) (1)
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£ ()

We conclude that for n—dimensional problem, and after discretizing by the
trapezoid method we get

Ad*Adfd — de’

where B is the matrix calculated from the discretization and f¢ is a function
of discrete argument defined on the rectangular uniform N x N grid.

Then the discretized equation (4.3.13)can be written as
(ol + B)f* = F*.

An analytic calculation of the integral (4.3.12) is not realistic even for sim-
plest f (say f = 1), therefore the data for the inverse problem is generated
by numerical calculation using a similar discretization.
We will present a simple example to illustrate the algorithm described above.
Assuming n = 1, Q = [0,2], Q" = [3,5], T' = 4, we recovered f(r) = sin(%)
with a = 0.000001.
Then, we obtain the following two figures using a matlab code.
Figure (4.1) shows the function f(z).

Figure (4.2) illustrates recovery of f(z) from exact data generated numeri-
cally.
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Figure 4.2: (b)

4.4 Regularization by the Laplacian operator

In the previous section an ill-posed, nonlinear inverse problem in heat conduc-
tion is studied. The problem is linearized to give a linear integral equation,
and then it’s solved by the Tikhonov method with the identity as the regu-
larization operator.

It has been noted that the identity operator doesn’t give good solution to
the original equation in general. Hence, the Laplacian operator is used as a
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regularization operator instead.
In the Laplacian approach for solving the illposed equation (4.3.13), the
equation is replaced by the regularized equation

(A + A*A)f = A*F,
where « is the regularization parameter and A is the Laplacian operator.

The regularized equations are solved by the conjugate gradient method with

stopping criteria H:ZH < 1077, where r, is the residual after the qth iteration.

The initial guess is chosen to be the zero vector.

Numerical examples showed that the Laplacian operator is better than the
identity operator in that the solutions obtained are more accurate.

However, the regularized equation becomes ill-conditioned when the first is
used, and hence if the conjugate gradient method is used to solve the equa-
tion, the iteration number required for convergence will increase with the size
of the discretization matrix. To speed up the convergence rate, the Laplacian
itself is used as the preconditioner for the equation.
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Chapter 5

Solving inverse parabolic
problems using Adomian
decomposition method

5.1 Adomian decomposition method

(ADM) is a well-known method for solving effectively, easily, and accurately
a large class of linear and nonlinear, ordinary or partial differential equations.

The main advantage of the method is that it can be applied directly for all
types of differential and integral equations, linear or nonlinear, homogeneous
or nonhomogeneous, with constant coefficients or with variable coefficients.
Another important advantage is that the method is capable of greatly reduc-
ing the size of computation work and still has high accuracy.!*¢!

In this section we first introduce the Adomian Decomposition method for
solving differential equations, then we implement a few applications of this
method to both linear and nonlinear differential equations.
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5.1.1 A general description of the ADM
We begin by considering the differential equation
Lu+ Ru+ Nu =g, (5.1.1)

with prescribed conditions, where v is the unknown function, L is, mostly,
the lower order derivative which is assumed to be invertible, R is other linear
differential operator, Nu represent the nonlinear term and g is the source
term.

Applying the inverse operator L~'to both sides of equation (5.1.1), then

we obtain
L'Lu=L"'9— L 'Ru— L 'Nu,

since (5.1.1) was taken to be a differential equation and L is linear, L~ would
represents an integration and with any given initial conditions, L~'Lu will
give an equation for u using these conditions. This gives

u=f— L '[Ru+ Nul, (5.1.2)

where f represents the function generated by integrating g and using the
initial conditions.
The nonlinear operator [Nu] can be decomposed by an infinite series of poly-
nomials given by

Nu:ZAn(uo,ul,...,un), (5.1.3)

n=0
where A, (ug, u1, ..., u,) is the appropriate Adomian’s polynomials defined by

1d"

An = n‘ d)\” Z)\ uk ,\ 0, N> 0. (514)

In Adomian decomposition method the solution of equation (5.1.1) is con-
sidered to be as the sum of an infinite series:

u(z,y,t Zun x,y,t (5.1.5)

Substitution of (5.1.3) and (5.1.5) in (5.1.2) results in the following:

Y g =f—LTRO u,)+ Y A
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Hence, the recursive relationship is found to be

uo(x,y) = f(m,y),
Uni1(z,y,t) = =L [R(u,) — A, n>0. (5.1.6)

5.1.2 Applications

Problem 1:(Solving non homogeneous heat equation )[16] Consider
the heat equation

ou  du

1 = gz Tal ), 0<w <1, 0<i<T,

subject to the initial condition
u(z,0) = f(z), 0<z<1,

and the non-local boundary conditions

1
u(0,t) = / o(x, hu(z, t)de + g1(t), 0<t <T,
0

1
u(l,t) = /0 U(x, u(z, t)dr + go(t), 0<t<T,

where f, g1, g2, ¢, ¥ and g are known functions and are sufficiently smooth,
T is given constant.

We begin by writing the problem in the standard form
Ly(u) = Lyo(u) + q(z, 1), (5.1.7)

where L; and L,, are given by

LO=20 ad L.0=250.

Assuming that the inverse operator L; ' exists and it’s defined as

[ /Ot(.)dt.
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Applying the inverse operator on both sides of (5.1.7) and using the initial
condition yields

u(@,t) = f(2) + L (Laa(w)) + Ly (g(2, 1))

Now, we decompose the unknown function u(z,t) by a sum of components
defined by the series

u(x,t) = Z ug(z,t),

where w is defined as u(z,0), the components u(z,t) are obtained by the
recursive formula

> ule,t) = f(2) + L {Lao (Y unl, 1)} + L (g(2, 1))

k=0

ug(@,t) = f(z) + Ly (q(w,1)),
Upyr(7,t) = L7 (Lyg (up(z,1))), k> 0.

Problem 2(Solving a nonlinear model)[17]
Consider the following hyperbolic nonlinear problem:

ou ou
o= 0<ax<1 0<t<1
ot Vors ST = T Vst

( 9 )— 9 < < I

Now, we use ADM to solve the problem. Then we have
Nu=1¢(u) = ug—z, g(x,t) =0, Ru=0, L(u) = 88—;‘ and f = u(z,0) = £,

10

The Adomian’s polynomials can be derived using (5.1.4) as follows:

8U0
Ay = Uo—7 >

Ox

. 8u0 8u1
Al = Ulg + U()%,
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Ay = Uz ” Uiy +an—,
Ay =z 4, 00, O, OUs
5T oy > or Yoz 0 0x’

and so on.

By using the recursive formulas (5.1.6), we have

x
Uy = —
0 107

z 1
v, t.,
Substituting these individual terms in the infinite series we obtain

Uy

£[1 + * + (i)2 +..+ (i)"].

u(z,t) =
10 10 10 10

5.2 Solution of some parabolic inverse prob-
lems by ADM

In this section two types of parabolic inverse problems are studied by Ado-
mian decomposition method.

This method eliminates the need to solve any linear or nonlinear system
of algebraic equations, also numerical results obtained from this method in-
dicate high accuracy and speed of the method.

5.2.1 Parabolic inverse problems with unknown bound-
ary conditions

Consider the following inverse parabolic problem:

ou  0%*u

it O<z<l1, 0<t<Ty, (5.2.1)
X
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subject to the following initial and boundary conditions:
u(z,0) = f(z), 0<z<1, 0<t<Ty,

u(0,t) =g(t), 0<z<1, 0<t<Ty,
?(1,@:;1(1&), 0<z<1, 0<t<T, (5.2.2)
T

where T} is constant, f is continuous known function, g is infinitely differ-
entiable function, the temperature u(z,t) is unknown, the heat flux g—Z(O, t)
and ¢(t) are remained to be determined.

To determine the a mount of flux, an extra condition

is used where K(t) is a known continuous function and z; is an internal
point where the sensors are located.

We start by dividing problem (5.2.1)-(5.2.3) into two separated problems:
The direct problem, which is defined in {(z,t)\z1 <z <1, 0 <t < Ty} is:

ou  0*u

E:@, O<ry<zx<l, 0<t<TTy, (524)
u(z,0) = f(z), O0<zy<z<l, 0<t<Ty,
u(zy,t) = Ki(t), 0<x;<z<l1, 0<t<Ty, (5.2.5)

and the inverse problem, which is located in {(z,t) : 0 <z <z, 0 <t < Ty}
is:

ou  0%u
—=—, O<z< 0<t<T 5.2.6
at ax27 l’ xl) 07 ( )
u(z,0) = f(z), 0<zx<z, 0<t<Ty,
U(Il,t) :Kl(t), 0<zxz<ua, 0<t<T. (527)

Now, integrating both sides of equation (5.2.6) w.r.t =, so that an approxi-
mate value of u,(0,t) is obtained. Therefore, we have

ou ou 1 Ou
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To find u(0,t), we can integrate both sides of equation (5.2.6) twice w.r.t z.

Thus, we have
u(0,t) = u(xy,t / / —dxdx (5.2.9)

In both relations (5.2.8), (5.2.9) the a mount u(x,t) is unknown.

Using the direct problem(5.2.4)-(5.2.5), we can find the values of u(x,t).
Therefore, integrating both sides of equation (5.2.4)w.r.t t we get:

2
u(z, t) = u(z,0) / o = g L. (5.2.10)

Put u(z,t) =Y 07 u,(z,t) in (5.2.10), we will have:

Zun(x,t) = f(x) +/0 82(2"8(?;;”@ t>)dt. (5.2.11)

Hence we find:

(e ) = o), wfat) = [ OGNt~ 1" (@), o) = GO0,

and so on the approximate values of u(z,t) are obtained.

Finally, substituting the approximate values of u(z,t) in formula (5.2.8) and
(5.2.9), to obtain the approximate value of % and u(0,1).

Theorem 5.2.1. [9](Ezistence and uniqueness) Let f and h be two contin-
uwous functions in their range, then the function:

(@, t) = w(z, t) — Q/Oté(x,t — P)g(r)dr + 2 /Ot O(z — 1.t — )h(r)dr,

where
w@i%zé(ﬂx—@ﬂ+ﬂx+@ﬂﬁ&ﬂ@

and
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and )
—

1
ex
VArt ( 4t

is a unique solution of problem (5.2.1)-(5.2.3).

K(z,t) =

),

5.2.2 Inverse parabolic problem with unknown control
function

Consider the following inverse heat radiation problem :
ou  0*u N
- = a
ot 0x?

subject to the initial and boundary conditions

(tu, (x,t)€ D, (5.2.13)

u(z,0) = f(z), >0, 0<t<T,

w(0,8) = h(t); h(t) #0, >0, 0<t<T, (5.2.14)

where D = {(z,t) : 2 >0, 0 <t < T}, T > 0is a constant and f, h are
smooth functions on their range.

The functions a(t) and wu(z,t) are unknown. Thus we need an extra ad-
ditional condition:

—5-(0,) = g(t), 0<t<T. (5.2.15)
We start by transform problem (5.2.13)-(5.2.15) using the conversion:
t
o(z,1) = r(ulz, t); r(t) = exp(— / a(s)ds). (5.2.16)
0
So, equations (5.2.11)-(5.2.13) becomes:
v ™
— = 5.2.17
ot Jx?’ ( )
v(z,0) = f(z), >0, 0<t<T,
v(0,t) =p(t), >0, 0<t<T, (5.2.18)

subject to the extra additional condition:

v
a#

0,t) =q(t), 0<t<T, (5.2.19)
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where ¢(t) = r(t)g(t) and p(t) = r(t)h(t).

To, solve problem (5.2.13)-(5.2.14) by Adomian Decomposition method, we
first solve problem (5.2.17)-(5.2.18)by the mentioned method.

Therefore, we integrate both sides of (5.2.17)-(5.2.18) w.r.t ¢ then we have

2 t 82’0

v(x,t):v(x,())—i—/o a—;;(m,t)dt:f(m)+/o 5 (@ .

By fixing v = )"~ v, in the above relation, we obtain:

Zvn(x,t) = f(x) —l—/o 0 (Zzoéoxzn(x’t))dt.

n=0
Hence, we have

t 92 2
vo(z,t) = f(z), vi(z,1) :/0 %;;dt:tf"(m), vs(, t) = %f(‘l)(;y),...

Consequently, the approximate value of v(z,t) are obtained.

Then, by using the over extra additional condition (5.2.19), we calculate
r(t), and we calculate a(t) by using:

Also, by replacing the approximate value of v(x,t) and the value of r(t) in
(5.2.16), we obtain u(z,t).
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